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PREFACE 


Mathematical skill can only be acquired through a wide 
experience in the manipulation of Symbols and by working 
through a large number of examples. 

This present collection of examples was compded to 
Supplement those in Mr. P. Abbott’s “ National Certificate 
Mathematics Very many of them have been selected 
from recent National Certificate examination papers and 
thus will provide students who are preparing for these 
examinations with additional valuable practice. 

The chief difficulty has been to keep the size within 
economic limits, and where the many necessary omissions 
have been made the Student is referred to the appropriate 
sections of the companion volumes. 

I wish to acknowledge with gratitude the permission 
which has been kindly given by the Union of Lancashire 
and Cheshire Institutes, the Union of Educational Insti¬ 
tutions, the Northern Counties Technical Examinations 
Council, the East Midlands Educational Union, the West 
Riding and Surrey Education Authorities, the University 
of London and the Institution of Electrical Engineers to 
use questions which have appeared in their examinations. 

I also wish to thank the Principals of the Technical 
Colleges at Aberdeen, Acton, Cardiff, Chelmsford, Crumlin, 
Glasgow, Gloucester, Heanor, Lincoln, Newcastle, New¬ 
port, Portsmouth, Southampton, Swansea, Willesden, for 
supplying me with copies of internal examination papers and 
giving permission to use selected examples. 

I am also indebted to the Clarendon Press, Oxford, for 

permission to take from Mr. G. W. Caunt's “An Introduction 

to Infinitesimal Calculus a few examples which I have 
worked in full. 

I thank my colleague, Mr. A. C. Hutchinson, B.A., for 
working through some of the exercises with his classes! 

Colchester . 


C. C. T. B. 



GENERAL EDITOR’S FOREWORD 


The Technical College Series today includes many books 
which are outstanding in their particular fields, and it is the 
aim of the publishers to maintain and develop the worthy 
tradition of the Series while meeting in full the increasing 
needs of technical and scientific education. 


An outstanding contribution of the technical Colleges to 
education has been the System of National Certificates under 
which the Ministry of Education and the Colleges work in 
association with leading professional institutions. National 
Certificate schemes now cover practically the whole field of 
higher technology and applied Science. The Institutions of 
Civil, Mechanical, Electrical and Production Engineers, the 
Royal Institute of Chemistry, the Institute of Physics, the 
Institution of Metallurgists, are all associated with National 
Certificate schemes. There are National Certificates in 


Building and in Commerce, with each of which a group of 
Professional institutions is associated. Though the pattern 
of National Certificate Courses was originally dictated by 
the needs and limitations of the evening Student, the System 
of endorsements obtainable by further study has now 
brought about the result that these courses have been 
extended to meet the full requirements of practice in the 
subjects with which they deal. Düring recent years the 
System of part-time-day release of apprentices and learners 
has become common in all branches of industry as well as 
in the public Services. This has effected something like a 
revolution in technical education; and in particular the 
treatment of National Certificate studies up to the Standard 
already indicated has become much broader. 

The books included in the Series will be planned to suit 
the requirements of three main groups : (i) the part-time 
and full-time students working in technical Colleges tor 
Professional qualifications and university degrees, (n) 

technologists, managers, and research workers in industry; 
(üi) teachers in technical Colleges and elsewhere who require 
text-books of high Standard, but broad enough in treatment 
of their subjects to be readily adaptable to local approved 


schemes of study. 


W. E. Fisher. 
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CHAPTER I 


TRANSFORMATION OF FORMULAR 


It is imp>ortant that the Student should acquire skill in the 
manipulation of a formula and in changing the subject of 
a formula, because this ability is needed in most branches 
of matbematics. Generally, all that is necessary is an 
application of the simple fundamental rules of algebra to 
transform an equation step by step into the required form. 
Always remember to make sure of the equality of both 
sides. (See Vol. I, Ch. 6.) 

E 

Example 1. In the formula I = ^ (1 — e L ) express l 


in terms of the other letters and calculate äs value when 
I = 50, R = 900, L = 6, E = 5 X 10 4 . 


Multiplying 


both sides by 





Kl 

L 


• m 



IR 

E 


taking logs. 


Rt 

L 


When I — 50, R 


log e = log (l 


L 

-t = * 

log (l - 

IR\ 

E) 


log« 


t=- 

L 

log (l — 

0-4343 R 

= 900, L 

= 6, E = 

= 5 X 10* 



t 


ö log 0-1 


U A 


1 


0-4343 X 900 


0-4343 X 900 


1 


150 x 0-4343 


0-01535. 


9 


10 


EXAMPLES IN PRACTICAL MATHEMATICS 


Example 2. The current in a Circuit is given by 



Find an expression for the inductance L. 
Cross-multiplying we get 

I.Jr>+ (2«fL - «^) 2 = V. 

Dividing by I and then squaring we get 

/ 1 \ 2 F 2 

R * + { 2K f L “ 2ir/c) “ I 2 * 

Subtracting R 2 and taking s quare roo ts 

Ir.fL — J 2 — Ä 2 + 

1 /Ff _ 73 2 , _J_ 

• * 2t:/ \] / 2 4tc 2 / 2 C 

Example 3. /w /Aß following formula for the capacity 0/ 
a concentric condenser change the subject from c to r 2 , the 


Cross-m ult i ply i n g 

taking antilogs 
taking reciprocals 




Kl 

2c 



TRANSFORMATION OF FORMUUE 

EXERCISE I 

1 . Change the subject of the following formula 

to k - cV(2gh) 


n 


+ (t 


)’} 


formula 


L —21 


{log« Ja + 


a / \ T* 2(G -f" 3/C) , rr EG 

3 . ( a) If n = and X — 3 ^ _ E y express 

IC in terms of n and G, (ii) E in terms of G and n. 

(b) If Q — —■— y=, express c in terms of a, d, and Q. 


U.E.I. 

4. In the following stress formula find an expression for s 


P 


f 

2 


The 


J 


1 + 


4s 2 

P 


C 


A 


4rc 


-f* t ^ 


K 


)} 


Find an expression for the dielectric constant K. 

6 . Use the air-pressure formula to find an expression for h 


P 

p9 


n + zsi 

L ^ rT 0 * y 


1 


~|v - 1 

* 


7. Find a 4 in terms of a lt a 2 , a 3 , a s in the equation 


a 1 + 




1*8 + 


8 . Use the equation of an ellipse to find the eccentricity e 




y * 
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EXAMPLES IN PRACTICAL MATHEMATICS 


9. Transform the quadrant electroir 
an expression for V$ 


iCV 2 

m 


lut 


{v x 


10. In the formulae connected with strength of pillars 
find expressions for l. 


(i) 


(ü) 


P 

A 

P 

A 


1 


i imU 


7Z 


E 


36 • / l \ 2 


11. Arrange the formula giving the heat flow H in a form 
convenient for determining b, the radius of the conductor 

- -f 


H 


IOOtc^j 


k * lQ g* 7c + 


12. Change the subject of the following 



formula 


trom t to p 





S 


1 



_ ^ 2 p + S 

13. Obtain an expression for R 1 from the following stress 
formula: ^ 

ll,750Pi 


S 


f- 1 

\R. 


0-271 




14. Use the following equation for the Brinell hardness 
number to obtain an expression for i, the width of 

impression: 

B = 



15. Change the subject of the viscosity of 
from M« C. /r. + CwTV 

= MtTcAt«/ 



a 
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16. Use the equation for the flow through a thin orifice 
to find a relation giving p. 



17. The quantity of flow through an orifice is given by: 



From this find an expression for the diameter D. 

18. Experiment shows that the mass of an electron 
varies with its speed according to the relation: 



Find an expression giving the velocity, v, of the electron. 

19. Eliminate X from , ^ = -. 

a 2 -f x o 2 + X n 

l m 



CHAPTER II 


LOGARITHMS 
EXERCISE II 

1. Find the value of a velocity v from the formula 


v 


cy/(2gh) 



I + 


/I 


\K 


07 


where c — 0-97, K = 0*63, g = 32*2, h — 49 


*5. 


2. Find the value of 


1 


n l 

: 9. 


JV " 1 

Vo 


V 


B-l 


V 


W.R. 

where 


ad 


C — j~ ■y^/ d 

1-983 and d = 0-9375. 


to find the value of c 


c = 147, n = 1-37, v x = 0*8, v 

3. Use the formula Q 

when Q = 0-708, a = 

4. The Rankine efficiency 7) is given by the expression 


U.E.I. 


(k 




^i 1 + 1 ‘) 


t 2 löge J 

vc\ 


where a± = 1437 


L 


675 


öj 4 ^2 

0-7£,. Calculate vj where = 780 and 

U.E.I. 


5. Given that log 1Q g 1 ~ ^ ^216-2 calculate S 2 when 

10 3 . 


S 1 = 0-298, Af = 4-06, D 


N.C.T.E.C 


Wlu. + tan 0) , £ j 

6. Transpose the formula F = ^ __ tan to find 






in terms of the 
W = 2,500, 0 = 

7. From the formula i 
terms of the other letters 






' F — 739-5 


v 

R 



Rt 

T ) 



t m 







i = 100, R 




6, v — 5 X 10 4 . 
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Experiments performed with a bar magnet yielded 

a — 5*12 cm., i 


following readings: m — 20-21 gm. 

0-87 cm., T — 7*02 sec., d — 10*88 cm., 8 = 38°. From 

MH = "*?* + ifl and^ - (< *’ ~ 


formulae 


3T* 


H 


2 d 


tan 0 


M 


calculate (i) MH, (ii) (iü) M, (iv) H. 


U.E.I. 


9. If 


T'- 

|jL = 0-3, TC = 

10. if ^ 

i 

p 2 — 39-7, n 

11. The ei 


/JÜL\ 

\sin a/ 


a/ t T x if T 2 


3*142, a = 30°. 

■ ® ^ 

= 1*4. 


find r 2 if r x 


225, « — 2*718, 

E.M.E.U. 

520, = 89*7, 

E.M.E.U. 



Calculate the efficiency when r = 7*4, and n = 1*4. 

E.M.E.U. 

12. If D = find D when J = 0*0935, 0 = 35, 

^ TtvWb 

b = C = 55, m — 0*0025, tt = 3*142. E.M.E.U. 
r 10* 

13. (a) If V = 50(1 — e _02t ), find t when V = 30. 

(b) Given that p — x oi x y 1A , and p n ~ x = z~ 09 , calcu¬ 
late p and n when x — 26*4, y = 0-875, z = 0*0362. 

14. If T —T q e*“ 6 , find the value of y. when T — 319, 
T 0 — 112, 0 — 7i and e = 2-718. 

15. The boiler horse-power of a power-house is calculated 
from the formula 3-33 {A — 0-6VÄ)VH, where A is the 
internal area of the chimney in square feet and H is the 
height. Calculate the boiler horse-power for a chimney 
50 ft. high and 4 ft. internal diameter. 


EXAMPLES IN PRACTICAL MATHEMATICS 



16. The emission per sq. cm. of surface area of a certain 

_ 52,400 

filament at temperature T° is 60*2 T 2 e T . Find the 
total emission from a cylindrical filament 10*5 in. long, 
0*025 in. diameter at 2500° [2*54 cm. = 1 in., log 10 e = 
0*4343]. 

17. If x — 2, evaluate y from the expression: 

4 , rSx Vö5 4 /25x a — 57~] 

y ~ loge L 5 • V 31 J 

18. Re-arrange the following expression for the self- 
inductance, L per mile of parallel conductors, radius r, 
distance d, apart, to give r 

L = 0*000644 {log,- + j|* 

i oe r 4J 


Hence, evaluate r, when L = 0*003573, and d = 50. 

T, 3 t2a;V43 . 3 /43a; 2 + 5q Ä . 

!9. If >’ = V5T og ' L —7-—64— J. findy when 

x = 5. 


20. Evaluate p from the expression 
e = 2*718, b = 0*3, 0 = 2*85 and (p — 


t 

q 


e bd . where 




21 . A formula connected with the flow of water in pipes 
0*0004 ü 187 / 


is h — dV4t 
value of v when h 


Using this formula, determine the 
1*74 / = 24 and d — 0*19. 


22 . Given i 


E 

R 


t 


(1 


e 


determine 



R = 2 x 10«, s = 2*718, t = 15, C = 20 X IO -6 . 

23. The entropy <f> of 1 lb. of water at absolute tem¬ 
perature T° is given by the formula : 

<j> = 1-057 log« 2^3 + 9 X 10-7 [x — 503 ] + 0*0902. 

Calculate <f> when T = 363°, giving the answer correct to 
four significant figures. 
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From 


terms of the other Symbols and nn 
L « 0-25, C = 40 X 1(H, 7t = 314. 


2 :xfC 


express / in 


The 


by the following equation: 


% Efficiency 


P x + x 2 P 2 


Pi 


7o JUiiucm* - ^ “ % p + p, + *2p 2 7 - - 

Calculate the percentage efficiency when P 
- so, Po = 64, x = 0-5. 


X 100. 


5000, 


The 


formula 


L 


500 


[log, 


4/ 


where / is the length in cms. and d the diameter in cms. 
Calculate the inductance of an aerial 1000 cms. long and 


0-16 cm. in diameter. 

27. The insulation resistance R of a cable is being 
measured. If after the initial Charge the voltage decreases 

t 

u-__ r « 

according to the law v — be RC , where b is a constant, 
t = time in secs. and C = 0*8 x IO“ 6 , find the value of R 
if y is initially 30 volts and becomes 26*43 volts after 15 secs. 


+ 



t 


CHAPTER III 

SOLUTION OF EQUATIONS 


The solution of quadratic equations, simultaneous quadratic 
equations and irrational equations is well illustrated in Vol. 

III, Ch. 1. 

Before commencing the exercise on indicial equations 
the Student should revise the laws of indices, Vol. I, 
Ch. 8, and Vol. II, Ch. 1. 

Example 1. Solve the equation 3 2 * = 9* + L 


Now 9 


Example 2. 


_ 32 * Qx + 1 - 

— 32 (rc + l> 


/. 3** = 

_ Q 2 <x+ 1 » 


* 2 = 

= 2 (* + 1 ) 


* 2 - 

- 2 * — 2 = 0 



2 ± 

2 

2±2V3 

* = 

2 


= 1 ± -s/3. 


2. Solve the 

equation I5*~ ix - 

= (45a/2) ] 


1*5 x 



Taking logs: 

(4 — 2*) log 15 = (1-5* — 1) log (45v2) 

(4 - 2x) X IT761 = (1-5* - l)(l-6532 + J X 0-3010) 

4-7044 — 2-3522* = (1-5* — 1) X 1-8037 
4-7044 — 2-3522* = 2-7056* — 1-8037 

5-0578* = 6-5081 


6-5081 

54)578 


1-29. 


When attempting trigonometrical equations we use the 
relations between the various ratios in order to eliminate all 
the unknowns except one. That unknown is determine 

bv the ordinary rules of equations. 

18 



The Student should remember that veiy often an infinite 
number of Solutions can be found for these equations, 
although all that is needed generally is Solutions between 
0° and 360°. It is usually best to find the simplest solution 

—say, A —and apply the following: 


For 0 < 

A <90 





(i) 

sin A = 

- sin (w 

-A) 



(ü) 

cos A = 

= cos (2 ä — A) 



(üi) 

tan A = 

- tan (w 

+*) 


* A) 

(iv) ■ 

— sin A = 

= sin (ff 

+^> = 

■ sin (2ff - 

(v) - 

— cos A = 

= COS (ff 

-A) = 

= COS (ff,+ 

A) 

(vi) - 

- tan A = 

% 

= tan (ff 

-A) = 

= tan (2ff - 

-A ) 


For further information on 

(а) trigonometric ratios, see Vol. II, Ch. 8. 

(б) trigonometric equations, see Vol. III, Ch. 8. 


Example 3. Find all values of x between 0° and 360° 
which sattsfy the equation 6 sin 2 x + 7 cos x = 8. 

Put sin* x = I — cos 2 x 

then 6(1 — cos 2 x) + 7 cos x — 8 = 0 

6 — 6 cos 2 x + 7 cos x — 8 = 0 
6 cos 2 x — 7 cos x + 2 = 0 
(3 cos x — 2)(2 cos x — 1) = 0 
cos x = f or |. 

(a) f *cos48°ir orcos(360°-48 0 ll') = cos311°49'. 

{b) | = cos 60° or cos 300°. 

% » 48° 11' or 60° or 300° or 311° 49'. 

Example 4. Find all the values of x between 0° and 360° 
which satisfy the equation cos 2x — 3 sin x — 2. 

Since cos 2 x — 1 — 2 sin 2 x 

we have 1 — 2 sin 2 x — 3 sin x — 2 

«*. 2 sin 2 x + 3sinx+l = 0 
(2 sin x + l)(sin x + 1) = 0 
sin x = — | or — 1 . 




EXAMPLES IN PRACT1CAL MATHEMATICS 


(*) 

(») 



(180 + 30) = sin 210, or sin 



30) 
sin 330. 


1 


x 


0-5. 


sin 270 

- 210° or 270° or 330°. 

Example 5. What values of 0 between 0° and 360 

the equation 20 sin 3 0 — 15 sin 0 = 2*5 ? 

Dividing by 5, 4 sin 3 0 — 3 sin 0 
Substituting 4 sin 3 0 = 3 sin 0 — sin 30, 

— sin 30 = 0*5. 

/. sin 30 = — 0*5 = sin 210° or sin 330° 

’•* e = 70° or 110°. 

• • 

Example 6. Solve the equation 4 sin x — 3 cos x 
Substitute 4 = 5 cos a and 3 = 5 sin a. 

5 cos oc sin x — 5 sin oc cos x 
* sin x cos a — cos x sin oc = 0*4 

sin (x - a) = 04. [Vol. III, p. 169*1 

= sin 23° 33' 

or = sin 156° 27'. 5 



Now sin a 

= o*6 = sin 36° 52' 



• a = 36° 52' 

# • 

Oase 

I. 

^ _ 36° 52' = 23° 33' 



• x = 60° 25'. 

• m 

Oase 

II. 

X - 36° 52' = 156° 2: 



■ x = 193° 19'. 

i • 


EXERCISE III (a) 


Solve the equations: 


1 . x + 2y 


1 ; x z + xy — y 2 + 3* + y + 8 


2 .1—l = x + y 

x v O 


12 . 


3. 


P 


y 

a 


2 . 



3 


0 . 


i ( 3 


2 ?\ . 


a 


p 



q). Find p and q 


a p 

4 x z _ 4^2 = 8 ; 2 (x+y) 
5 . x 2 + V 2 = 73; x -b y — 


7 


11 . 



SOLUflON OP EQUATtONS 

0. x* — y 3 = 316; x — y = 4. 

7. x* + + 3a; 4- 3y = 78*75; ay = 21. 

8. % -{- y ss 7; a; 2 4- .y 2 = 29. 

9. a; 2 -|- y 2 = 2651 a; -j- y = 23. 

10. 3** + 4ay + 5y* = 31; x + 2y = 5. 

11. x* + y* = 73; xy = 24. 

12. x 3 — xy + y 2 •= 67; xy = 18. 

13. x + i = 1; y + \ — 16- 

y x 

14 x t yt _ 6^ _ Qy — 24*5; ry = 55*25. 

15. 3a; 2 -f 8y 2 = 84; a;y = 6. 

16. + ^2 = 12 i * ri Vr 2 = 2 ’ 

17. % 2 — 2a; + 3y 2 + 4y = 50; x — 3y = 16. 

18. x 3 — ^ = 19; 2x —y = 2. 

19. * 2 4 - xy + 2 y 2 = 44; 2a; 2 — xy + y 3 = 16. 

20. x 3 + y 3 = 65; x + y = 5. 

21. a; 2 +y 2 = 5; 2xy - y 2 = 3. 

22. 3a — 1c = 18; 5(3& — 7a) = 1; 3c — 76 = 5. 

23. y{z — x) = 3; x{y z) = 32; x + y -f z = 12. 

24. 3 x -\- 5y — 2z = 11; 5a: + 3 y — 3z = 4; 

9a; 2 — 3a:jy — 2y 2 = 0. 

25. 2a: -j- y -f- 3z —— — 4; 3a: — 4v — ’lz 29; 

4 a: + 3jy — 2z = — 24. 

26. xy = 4t; xz = 5; yz = 20. 

27. 5M X -1- 18M 2 + 4M 3 = 7*5 x 189; 

2Mj + M 2 =7*5 x 25; M 2 + 2M 3 = 120. 

28. x + y — z = 3; 2a; — 3jy + 9z = 60; 

7a; + 3y + 3z = 69. 

EXERCISE III (6) 

Solve the following equations: 

, 12 , __ 

l ' Vi + 5 + Vx + 5 = 7. 



MATHEMATICS 


2. 4% 2 — 8*64# 4~ 2*48 = 0. 


3. x 2 — 9% -f 29 — 5Vfl? 2 

+*4 4- V2x 4- 3 



4. 

Solutions. 

5. x 2 ■ 


2x 


6 


x 


2x 


1. 


6 . 


7. 


10. g( 


t 


i 4" 



t 


1 


4* 4- 1 


1 . 


11. V4p -54-6 = 9. 

12. 6/ 2 — 4-7 1 — 0-8 = 0. 

0-5 1-5 

13. 1 


2 * 


X X 

14. x 3 4~ 9% 2 -{- 8x = 

15. 7v 2 — S*2v — 0*4 

1 7 

16. - 4 - — — 9 = 0. 

y 


o. 


o. 


Vy 

17. 1*6# 2 4 - hx 

18. 3 4 * 


3-8 
5 


0. 



-f- 23 = 0* 


Vs 


3% 

— 2 x - 

- 2 

16% — 

x - 

- 1 1 % - 

-3 “ 

4(% — 

X 2 

24 

4- 2-4% — 

244 = 

= 0. 

X*- 

- 5% 2 -f- 4 

= 0. 


ll-83% 2 — 9*07% = 

15-44. 


61 


4) 


x 


2 2x 4- 1 


4 “ 10 — 0 . 


19. x 


5 . 4 

X ' X 3 


0. 


20 


x, and 


w w ww 

. 0-0003% 2 4- 80% 4 - (0-45 x 10«) = 0. 


EXERCISE III (c) 


Solve the equations: 

1 3*2*®- 3 7 *+7 

2. (S) 2 * — 2(3)* +1 = 

3. 3-2% 2 ' 3 = 5-1 a? 1 * 1 . 


7 


test the 


E.M.E.U. 




SOLUTION OF 


4. 

log* 

= 3 log 18 - 

■ 4 log 12. 

5. 

7* = 

3 y, 6* = 5y. 



6. 

4**+3 _ 129 = 65(4* — 

2). 

7. 

18«- 

4X = (54v / 2) 3x-2 . 

- 

8. 

2*» - 

- 6(2») + 5 = 

0 . 


9. 

8** = 

16* + 1 . 



10. 

3 * + i 

— 92* 

"" * 



11. 

log* 12-8 = 1-913. 



12. 

e x — 

3 "4™ 2e* x ^ 0, ^ ™ 

2-7 

13. 

6«* - 

- 6* + 1 + 5 = 

0. 


14. 

1-5 < * H 

hi) = 2*4. 



15. 

(3a:» - 

- 5) (5* - 1) 

= 0. 


16. 

2* + i 

= 3*" 1 . 



17. 

log* (* 2 + 0*75) = 

0-35. 


18. 

gZx +1 

= 29-3. 



19. 

4* -J- 

— = 12 

41 



20. 

3* = 

9 x 3*' 



21. 

2* + 

2-* = 4. 



22. 

e Sx = 

0 . 5 - 2 ». 




23. 0-3* +4 = 0-4* + 4 . 

24. 27-3 = 70*. 

25. log e (* 2 + 0-5) = 2-27. 

26. 4* +1 = e*. 

27. 2* = 8 y + 1 , 9 y = 3*“*. 

EXERCISE III (<*) 

Solve the equations: 

1 . cos x + sin x = 1 . 

2. sin # + cos x = 1 for all values of x between 0° 
and 360°. 

3. cos 2A -f- 3 sin ^4 = 1*8 for all angles between 0° and 
360°. 
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4. cos 0 + £ cos 20 = 0 for all angles between 0° and 360°. 

5. Find all Solutions between 0° and 360° of the equation 
5 sin (85° — 2 A) = 3 cos 196° 46'. 

6. § sin 0 = cos 20. 

7. 3 sin * = 1*5. 

8. cos 2 0 + 3 sin 2 0 — 3*8 sin 0 = 0 for all values of 0 
from 0° to 360°. 

9. (i) 2 sin 2y — sin 227° ; 

(ii) (1+2 cos ß) (2 — 3 cos ß) = 1 ; 
in each case giving roots between 0° and 360°. 

10. (i) 2 cos (3£ + 24°) = sin 236° 32' ; 

(ii) 5 cos 20 + 7 sin 0 + 7 = 0 ; 

(iii) cos 5f i = sin (y. + 60°) ; 

giving in each case Solutions between 0° and 360°. 

11. 2 sec x — 3 cos x = 5. 

12. cos 0 — 3 sin 0 = 1; 0 < 0 < 360. 

13. H-—s = 24 for values of 0 less than 90°. 

sin 0 cos 0 

14. 2 tan x — 4 cot x = 5 for all angles between 0° and 
360°. 

15. sin \ 0 + cos = 0 < 0 < 360. 

16. cot 0 + tan 0 = 3; 0 < 0 < 360. 


17. 3 cos ^20 



2*1213 for all values of 0 in 


radians between 0 and 27t. 

18. 4 sin 2 (20) — 3 sin (20) = 0*4018; 0 < 0 < 90°. 

19. 4 tan ( 

radians between 0 and 2 tt. 

20. Solve for either x or y : sin x — sin y = 0*2; 

2 sin x + 3 sin^/ = 1*4. 

21. Find the least angle which satisfies the equations: 

0 

(ä) 3 cos 20 + 4 cos 2 g == i » 

(b) cot 20 + tan 0 = 4. 


30 — = 2*832 from all values of 0 in 
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SOLUTION OF EQÜATIONS 

22. Find the least angle which satisfies the equation 

2 — 3 cos 2A=4 cos 2 • 

23. Express 20 sin 100 1 -f 40 cos 100/ in the form 
A sin (100/ + y), specifying necessary values of A and y. 
Use the result to solve the equation 

20 sin 100/ + 40 cos 100/ = 30 

giving the four smallest positive values of /. 



CHAPTER IV 


THE DETERMINATION OF LA WS 


In Chapter 2, Vol. III, the Student will see that the 
equation of a straight line can be written in the form 
y = mx + c, where m 
represents the gradient 
or slope of the line, such 
that tn — tan 9, and c is 
the intercept on the 
y-axis. 

In questions on the 
determination of laws 
it is usually necessary 
to find a relation be- 
tween two quantities, 

having been given the 
general form of the equation connecting them. The 

student is required to obtain the constants. The Student 
reduces the given experimental data to a linear form so 
that it is then easy to calculate the constants. (See Vol. 

II, Ch. 12; Vol. III, Ch. 2.) 



The most common forms of equations are: 

(i) y = <* + ^ 

Plot y against -. Then the slope ‘ m ' will be b and the 
intercept * c ’ will be a. 

(u) y = a + — 2 - 
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i ■ v-i- ■ 

Plot y against -j. Then the slope ' m ’ will be k and thc 

X 

intercept * c * will be a. 

(iii) y = a + bx % . 

Plot y against x i . Then the slope ‘ m ’ will be b and the 
intercept * c ' will be a. 

(iv) y = <* -f- bx z . 

Plot y against x s . Then the slope f m ’ will be b and the 
intercept ‘ c ' will be a. 


(v) y = 

Taking logs, we get log y = log a + n log x. Plot log y 
against log x. This will give a straight line whose slope 
will be n and whose intercept on the y axis wiil represent 

log a. 

(vi) y = Ar*. 

Taking logs, log y — log b + x log c. Now plot log y 
ag ains t x. This will give a straight line whose slope will 
represent log c and whose intercept on the y axis will be 

log b. 

(vii) y = be™. 

Taking logs, log y = log b + nx log e. Plot logjy against x. 
This will give a straight line whose slope will represent 
n log e or 0-4343«, since log 10 e = 0-4343, and whose inter¬ 
cept on the y axis will be log b. 

(viii) y — a + bx n . 

This can be written y — a = bx n , so we get the form (v) 
if y is replaced by y — a. This means finding a. a is the 
value of y when x — 0, so that y must be plotted against x 
to give this value. 


(ix) y = a + be™. 

Plot_y against x. Choose two points (x x , y x ), (x 2 , y 2 ) on 
the curve and draw the tangents there. Let their slopes 
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be m x and m 2 . 
tion as follows: 

Since 



Then n, b and a can be found by substitu- 


y = 

= a + be** 

dyjdx = 

= nbe ux 


= nbe nx > 

m 2 = 

= nbe nx * 

. m i _ 

01 

** 

1 

'W 

£ 

II 

* # m 2 

x 2 ) log e = 

= log w, — log m 2 

• n = 

log — log m 2 

log e (x x — x 2 ) 


having found n we get 



J }%ß nx \ 


and 


a 


y i 


be 


nx 


NOTE. If different scales are used for x and y this must 
bc allowed for in measuring for slope and intercept. 

Alternatively, choose two points on your straigbt line and 
form two simultaneous equations which can be solved for 
the two unknown constants. (See Vol. III, Ch. 2, Ex. 1, 


2, 3.) 

Example 1 . The law connecting two quantities x and y is 
of the<form y = ax”. Find this law given that corresponding 
values of x and y were found as in the following table : 


X 

y 

19-9 

15-62 

17-41 

12-21 

14-43 

9-07 

11-67 

6-11 

8-04 

3-03 

T 


Since the form of the equation is y = ax*, we can reduce 
this to a straight-line equation by taking logs. 

log y = log a + n log x. 

We make a new table showing log y and log x. 
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l og * 

1-2989 

1-2408 

1-1593 

1-0671 

0-9053 

ö 

logy 

' 

1-1937 

1-0867 

0-9576 

0-7790 

0-4814 


Now plot log y against log x. 



Since in this case a suitable scale for x and y does not 
conveniently give the value of the intercept of the line on 
the y-axis, i.e., the value of log a, another method is used. 

We select two points on the line, say (1*29, 1*19) and 
(0*9, 0*48), and form two simultaneous equations: 


1-19 = 

log a + n X 1*29 

• • (1) 

0-48 = 

log a + n x 0*9 

• • (2) 
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Solving these gives both log a and n. Subtracting (2) 


from (1) 


0-71 = 0*39« 

0*71 
0*39 


n 


1 * 8 . 


Substituting n = 1*8 in (2) we get 

== 0*48 — 0*9 X 1*8 = 2*86 


log a 


a 


07244 


Thus the law is y = 0-07244# 1 ' 8 . 

Example 2. The law connecting x and y is of the form 
y — ae bx . Find the values of a and b given the following 

data: 


y 

X * • • 

1 

22*2 

0*524 

i 

24*66 

1*047 

t_-_-_ 

28*86 

1*833 

l 

' 

35*56 

2*88 

Since y = ae bx , take logs, then log^ 0 y — l°gio & H - ^ 

= log a + 0*43436#. Make a new table showing log y 

and x. 

_ - -- ■ ■ ■ ■ " " " ' ~ “"l 

log y 

X 

1-3464 

0*524 

1-3920 
1*047 | 

I 

1-4603 

1-833 

1*5509 

2*88 


Now plot logy against x (see Fig. 4). 
The intercept on the y axis = 1*301 

a — 20. 


log 20 


* 

• # 


To find the slope, take two points s 
m , difference of vertical 

Then slope = diff eren c e of horizontal 

Considering, say, points (2*88, 1*6 

1-5509 — 1*3464 0*2045 

slope = - 


2*88 — 0-524 


2-356 


* * 


0-43436 


0*2045 

2*356 


.*. 6 = 0 * 2 . 
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(x) Law of the type = ax 2 -f bx + 

If the given values of * and y are plotted, we will not get 

a straight line but a parabola. 

VVhen the points have been plotted, a smooth curve is 



X 


Fig. 4. 


drawn through them, and three points on this curve are 
selected. The co-ordinates of these points are substituted 
in the equation of the curve, and the resulting equations 
are solved simultaneously for a, b, c. 

Example 3. Find the lau' connecting x and y, given that 
it is of the form y = ax 2 + bx + c. 



Plot x against v. 

Draw the curve through the plotted points (see Fig. 5). 
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Choose three points on the curve, say, (4, 99), (2, 25), 
(0, — 9). Since the curve passes through (0, 9), we see 



Fig. 5. 


that c = — 9. Substituting 

99 = 16a + 46 — 9, and 25 

Solving these we find & 
Thus the law is y 


for (4, 
= 4 d 4 
- 5, b - 

~ o l 


99), 
2b - 

: 7 


5% 2 + IX 


(2, 25) we get 

9. 


9. 


1 . Verify that 
equation y = ax 

~~x 71 4-5 

2*7 


EXERCISE IV 

the following table of results satisfies the 
4 - bx 2 and find the best values of a and b: 


5-6 

8-4 


6-5 

15-6 


7-4 

25-9 


8-6 

38-7 


9-5 

53-2 
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2 . The following results were obtained in an experiment 
to find the relationship between the luminosity 1 of a metal 
filament lamp and the voltage V: 


V . 

1 . 

i .—. 

60 

11 1 

K> 00 

o o 

6t 

100 

89 

120 

186 

140 

319 


Allowing for the fact that an error was made in one of 
the readings of V, show that the law between I and V is of 
the form I = aV n , and find the probable correct value of 
the reading. Find also the values of a and n. U.L.C.I. 

3. The atmospheric pressure p (in inches) is measured at 
various heights h (in feet) above sea-level, the following 
results being obtained: 


h 

0 

4,000 

8,000 

12,000 

16,000 

| 20,000 

24,000 

P • 

29-9 

25-8 

' 

22-2 

191 

16-3 

13-9 

11-8 


Show that they obey a law of the form p — Ae 1 *, and 
determine A and k. 

4 . The law connecting the width and depth of a parabolic 

reflector is of the form d = aw 2 + bw + c * 

Find the values of a, b, c given that 


W . 

• 

0 

4 

10 

dm * 

* 

15 

16-8 

18-75 


5 . The following set of values of x and y are thought to 
obey a law of the form y = a + be™. Test if this is true, 
and if so find the value of the constants a, b and n . 


X 

0-5 

0-7 

1-0 

1-2 

1-4 

1-6 

1-8 

2-0 

y 

3-73 

3-91 

4-33 

4-71 

5-24 

5-95 

_J 

6-9 

8-21 


6 . The times taken (t minutes) to travel various distances 
(m miles) were recorded as: 

c 
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It is thought that these data satisfy the law of relation- 
ship t = amK Test if this is so, and find the most probable 

values of the constants a and b. N.C.T.E.C. 

7 . The following experimentally determined values of 
x and y are believed to follow the law y — a's/x + b, where 

a and b are constants : 



Show graphically that this is so, and determine the 
values of a and b. 

g Thg relation between p and v in a gas-engine cy in er 
is expected to be of the form pv = C. Experiment gave 

the following values: 



Check the law, and find the values of n and C. 

9 . The law connecting the given values of x and y is of 

the form x = ae 1 ^. Find a and b. 



10. The results obtained from a certain laboratory 
experiment are shown in the following table . 
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le that the law connecting x and y will be of 
ab-*. Test this assumption, and determine 


the form y=atr z * lest this assump 
the law. 

11 . In an experiment the following 
were obtained: 


L 

M 


09 

0-644 


1-2 

0-634 


1*5 

0-626 


1-8 

0-622 


2-1 

0-618 


2-4 

0-616 


These values are believed to be connected by the 
equation M = a + -y-. Draw a graph to test this 


V 


to test this 


U.E.I. 


assumption and tind a and 0 . 

12 . In an experiment the resistance R of copper wire 

of various diameters d mm. was measured and the following 
readings were taken: 


d mm. 
R ohm 


0-193 

0-274 

0-376 

0-457 

1-244 

0-567 

0-254 

0-140 


Plot R with -tö, and show that from these readings R and 

ar 

d are connected by an approximate equation of the type 
R = a + bjd 2 , where a and b are constants. Determine 

the best values of a and b. U.E.I. 

13. Verify that the following table of results satisfies the 
equation t — am b , and calculate the best values of a and b: 


m 1 2 3 4 5 10 20 30 50 

t 119 257 416 598 751 1,575 3,505 6,479 14,141 



14. Prove that the following values of 6 and t obey 
a law of the form 0 = 3 + be kt , where b and k are constants, 
and determine the best values of b and k : 
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e . 

t . 

7-9 

1 

11*2 

2 

; 

16-4 

3 

; 

25-2 

4 

39*5 

5 


15. The following table gives the tension T in a rope 
coiled round a bollard, 0 being the angle of lap. 


T 1b. cwt. . 

6 radians . 

' 

19-00 

3-14 

33-65 

9-42 

59-58 

15-71 

105-50 

21-99 


By drawing a suitable graph, show that T and 0 are 
connected by an approximate equation of the type 
T = T 0 e^ e , where T 0 and (x are constants. Determine the 

best values of y. and T 0 . '' ’ 

16 Show that the following values of x and y obey 

approximately the law y = and find the best values of 
a and n :— 



2 

3 

4-5 

6-75 

X % * 

y - 

8-5 

15-6 

28-6 ! 

i 

_ 

52-5 


I.E.E. 

17. The following values of x and y are thought tobe 
connected by a law of the form y === a + bx\ Test is 
by drawing a suitable graph and obtain values for a an . 


x 

y 


0-25 

0-20 

0-375 

0-45 

0-5 

0-81 

0-625 

1-27 

0-75 

1-83 

0-875 

2-49 

1 

3-25 


E.M.E.U. 

18. The following table gives the values of the c “™ nt * 

amps. required to fuse a wire of diameter d thous ^ s ° 
an inch. It is thought that there is a law ol the form 
.• _ xd’ 1 connecting these values, where K an 
constants. Try, if this is so, to find values for K and n. 
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d 

22 

H 

36 

64 

104 

160 

232 

ft 

% 

2-1 

6-8 

18-2 

' 

45-6 

101 

206 


19. A gas expanding in an engine cylinder was found to 
have the following corresponding values of the pressure (j>) 
and the volume (v): 



100 

2-3 


75 

2-824 


60 

3-312 


40 

4-426 


30 

6-436 


If the law connecting p and v is of the form pv n = C 
determine the values of n and C. 

20. The quantity {W) of water in lb. per minute and the 
corresponding depth ( H) of water in inches when water 
flows over a ‘ vee ' notch are given in the following table : 


W . 

153-5 

315-2 

550-4 

868-2 

1276 

H . 

3 

4 

5 

6 

7 


If the relation between W and H can be expressed in the 
form W — aH n , find the values of a and n. 

21 . The weight (W) of water in lb. per minute flowing 
over a ‘ vee ’ notch with different depths (h) of water above 
the bottom of the notch was found experimentally as 
follows: 


W (lb.) . 

55-8 

194-2 

354 

838 

1372 

h (ins.) . 

2 

3-3 

4-2 

5-9 

7-2 


Find whether these quantities are related by an 

expression of the form W = ah n , and what values would 

be given for a and «. There may be errors of Observation 
in the values of w and h. 

22 . The following readings were taken on an electric 
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arc of length 4 mm. E is the potential difference in volts, 
I is the current in amperes: 


T 

2*46 

2*97 

3*45 

3-96 

4*97 

■ 

5-97 

" - " ' 

6-97 

7-97 5 

E . 

1 

1 

67*7 

650 

V .. - _ 

630 

61*0 

58-25 1 

56-25 1 

55-10 

54-30 ! 

i 


L 

Assuming a relation of the form E = u -h j, determine 


the values of a and b. 

23. The speed V of a vessel and the horse-power P 
developed are connected by the relation P = a + bV z . 


V . 
p . 

— --- 

5 

290 

7 

560 

9 

1044 

11 

1810 

12 

2300 

1 

t | 


From the above results of an experiment on a given 

vessel determine the values of a and b. 

24. The following are the results of tests on a Marcet 


boiler: 


Temp. t° F. 

320 

311 

303 

297 

287 

277 

265 

251 1 

i 

* 

Gauee pressure 
p lb./in. 2 

88 

75 

64 

oo 

45 

35 

25 

15 i 

i 

t 


The law connecting the Absolute temperature P — • 

460 and the Absolute pressure P = p + 15 is believed to 
be of the form T = AP n . Test whether this is so, and ll 
found to be trae, determine good average values for A 

an( J 7V* • 

25 Allowing for errors of observation, the following 

results are believed to obey a law of the form x(y + «) = «■ 
Show that the figures do obey this law, and ascertam values 

for the constants m and n : 


y 

X 

3 

2*35 

4 

2-1 

5 

1-9 

6 

1-75 

7 

1-58 

8 

1-45 

9 

1*35 

10 

1-25 


—- - 
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26. It is known that the values of x and y tabulated 
below follow a law of the form y = Ax a -f- Bx + C. 
Determine values for A, B and C. 


X . 

i 

2 

3 

y • 

i 

3 

12 


27. F is the frictional resistance in lb. per square inch 
in a certain bearing running at a velocity of V ft. per min. 
It is known that F and V are connected by a formula of 
the form F — kV n , where k and n are constants. If 
F — 0*368 when V — 105 and F = 0*613 when V = 314, 
find the values of k and n. 

28. The following table gives the experimental relation- 
ship between the electromotive force E of a thermocouple 
and the difference in temperature between the junctions. 
It is believed that E and t are related by a law of the form 
E = at -f- bt 2 . Test this, and if it is found to be true give 
good average values for a and b: 


/ . 

• 

— 

- 210 

- 5 

120 

350 

E . 

* 

- 558 

- 14 

357 

1122 






CHAPTER V 


THE BINOMIAL THEOREM 


Before working throngh the following exercises the 
Student should read Vol. III, Ch. 3, on Permutations, 
Combinations and the Binomial theorem. Particular 
attention should be paid to the expansion for (1 + x) n : 


(1 + x) n 

1 + nx + 


n{n 


1.2 




1 )(» — 2 ) 


1.2.3 


x 3 + ... + x n 


which is given in § 8. 

The more general expansion for a binomial on p. 63 can 


be written as : 

(a 4- x) n = a n 4- na”' 1 x + ~ 2 ~~ ^ ^ + * * * 

«(« —l)...(«~ y + *_) a n-r x r + . . . + X n 

1.2 . r 

The Student should note that this expression is homo- 
geneous, i.e. the sum of the indices of a and x is n, for 

each tcrm* 

Care should be taken ( a ) when using fractional indices, 
e.g. the fourth term of (1 — x)~ i 



1.2.3 


9i 

4 




and ( b) when using negative indices, e.g. the fourth term of 
(1 — x)' 1 

— 1 . — 2 ■ — 3,_ ,, 


One of the most important uses of the binomial theorem 
for engineers is to obtain close approximations (Vol. Ul. 

p. 67). 
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Example 1. Using the binomial 
the cube root of 1*04 cor net to 







(1-04)* = {1 + 0*04)* 


Now (1 -f- x) H 


1 ~f“ nx *4~ 


n(n — 1) , n(n — 1)(» — 2) 


m 


* + 


1.2.3 


3K 3 ~f“ . • • 


(1 + 0-04)1 


(Vol. III, p. 60.) 


1 + 1 X 0-04 x 0-04 3 + *‘ ** 


1.2 


1.2.3 


* X 0 04 3 . 


In the fourth term we have 0-04 3 == 0*000064, thus we 
see that this is as far as we need go. 

/. (1 + 0 04)* = 1 -f 0-01333 - 

£ X 0-0016 + ^x 0-000064 
= 1 + 0-01333 - 0-00017 + 

= 1-01316 

= 1-0132 correct to four places. 

Example 2. Simplify the expression 

(1 - 2 *) 1(1 + x)i 

(1 + £*) 8 

given that powers of x above the first may be neglected. 

(1 — 2*)*(1 + *)1(1 + is expanded by the binomial 
theorem as far as first degree terms in x. 

This gives 

(1 - i X 2»)(1 + **)(1 - 3 . \x) 

= (1 — fx)(l + $x){l — f*) 

= (1 — f* -f \x — fx) 

= (1 - lfx) . (Vol. III, p. 66, Ex. 4.) 

Example 3. If x is so small that x 2 and higher powers 
can be neglected, find the approximate value of 

(1 _ 2 #)! + (1 + »)\ 

(1 - x)* 
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The expression 

= (1 — 2*)*(1 — *)' 3 + (1 + *)*(! — *)~ 3 - 

(Vol. III, p. 64.) 

Expanding by the binomial, we have: 

(1 - f*)(l + 3*) + (1+ t*)(l + 3*) 

= (I -f- 3 a;)(1 — §x -f- 1 + ■§#) 

= (1 + 3 a:) (2 + i*) 

= 2(1 + 3x) (1 + Ti*) 

= 2(1 -j- 3 a: -\- y%x) 

= 2(1 + 3A*) 

= 2 + 6f *. 

Example 4. Expand (1 + «)(I — x + 3a; 2 ) 6 in ascending 
powers of x as far as the term in x 5 . 

(1 + *)(1 — x -h 3a: 2 ) 6 = (1 + *)[(1 — x) + 3a: 2 ] 6 

= (1 + a:)[(1 - x) 6 + 6 . (1 - x) 5 (3x 2 ) + 

ff! (1 - *)*(3* 2 ) 2 ] 

= (1 + x)[l — 6a; + 15a; 2 — 20a: 3 + 15a: 4 — 6a; 5 + 

18a; 2 (1 — 5a; + 10a: 2 — 10a; 3 ) + 135% 4 (l — 4 a;)] 

= (l-f x)[l — 6a: 4- 15a; 2 — 20a; 3 4- l 5 ^ 4 — 6x5 + 

18a: 2 — 90a; 3 + 180a^ — 180a; 5 4- 135a; 4 — 540a; 5 ] 

= (1 4_ x)[l — 6x 4- 33a: 2 — 110a; 3 — 330a: 4 — 726a; 5 ] 

= 1 _ 6a; 4- 33a; 2 - 110a: 3 - 330a; 4 - 726a; 5 4- 

x - 6x 2 4- 33a: 3 - 110a: 4 - 330a; 5 

= i _ 5x 4- 27a; 2 — 77a: 3 — 440a: 4 — 1056a; 5 . 

Example 5. SimfUfy (1 + *)*(1 + y)K 1 + *) e - S iven lhat 

x 2 and higher powers may he negleded. 

(I 4- *)«(1 4- y) b { 1 4- z) c = (1 + ax 4- • • •)(! +ty+ • • •) 

(1 “f" cz • • •/ 

1 -f ox + by 4~ ex* 
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Example 6. 7/a is the coefßcient of linear expansim of a 

rnäal, show that 3a can be used for üs coeffwieni of cubical 
expansion. 

If t is the rise in temperature, the new length of unit 
length = 1 *f ad. 

New volume of unit volume = (1 + “0* 
increase in volume = (1 + ad) 3 — 1 

= 1 + 3o/ + 3a 2 / 2 + a 3 / 8 — 1 

— 3a t -j~ 3a 2 / 2 -f- a 8 < 8 

but a is extremely small compared with unity, so a 2 / 8 and 
a 8 / 8 can be neglected, increase in volume = 3a/. 

= 3a. 


• • 


• • 


coefficient of cubical expansion 


Example 7. The mass M of air in Ib. per hour flowing 
through an air nozzle is sometimes calculated from the 

formula 

1 124D 2 i7 


M 


Vr 


Find the percentage error in M due to an error of 3% in D 
and — 1*5% in T. 


Error in M 


% error in M 


new value — original value. 

1-124D 2 (1 +0-03) 2 7fr-*(l - 0-015)-* 

l-124D 2 7fr-* 


new value — original value 

original value 


X 100. 


1-124D 2 (1 + 0-03) 2 7fr-*(l 


0-015)-* 

1-124D 2 7ZT - * 


l-124Z) 2 ^r-* 


X 100 


[(1 + 0*03) 2 (1 - 0-015) 


-i 


1] X 100 


[(1 + 0-06) (1 + 0-0075) — 1] X 100 
[1 + 0-06 + 0-0075 — 1] X 100 


6-75%. 


(Cf. Ex. 5, Vol. III, p. 67.) 
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EXERCISE V 

1. Evaluate to seven decimal places {ä) ^1*012, 


(b) 


1 


v0*992 


w _ 

2. Calculate without tables ^30 to three decimal places. 

3 . Calculate to three decimal places by the binomial 

1 

theorem the values of ( a ) V9, ( b) /gg* 

4 . Find (i%) 10 using the binomial theorem to five terms. 

5. y = ax h . If x increases by 4%, using the first three 
terms of the binomial expansion find the percentage 

increase in y. 

6 . Expand 15[(1 + \x)* — (1 - 
higher than x 3 . 

7. If % is so small that cubes and higher powers can be 
neglected, prove that 


neglecting powers 


(1 — x)‘ -I- (1 + x) 


_ :t 


l -h x 


2 


, —«* o 

5x — t~x 

4 


8 . ( a ) Reduce the expression 


(1 + 2*)i(l 

(1 + P ) 4 


x) 


I 


if x is 


so small that powers above the first may be neglected. 
(6) Expand (1 -j- xf as far as the term containing x 3 , and 
hence calculate v 1*1 correct to four decimal places. 

9 Calculate an approximate value for the cube root of 

g97 * E.M.E.U. 

10. Evaluate 1-00329 ~ 15 . 

11. Write down the first four terms of the expansion of 
/ a _i_ tyn and (1 — x)- 1 , and hence find an approximate 


value of 


1 


E.M.E.U. 


0-997 


12 . (a) If x is so small that % 3 and higher powers can be 

Ix) 5 (2 -f 3.r) 6 — 04 -b 96x — 720 a; 2 . 


neglected, show that (1 
(b) Expand (1 
far as the term in x 4 . 


3 

2 


3 y 

o~/v 


v 2 ) 5 in ascending powers of x as 

London. 
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ascendmg powers 

London. 


13. Expand (i — x){\ -f x + 2x 2 ) 7 in 
of x as fax as the term in x & . 

14. Expand (x -f 3y) # by the binomial theorem. Apply 

the expansion to evaluate (1*03) # correct to five places of 
decimals. London. 

15. ( a) Expand (1 — 3x)* x (1 + x)' 2 hi a series of 
ascending powers of x as far as the term in x*. 

(b) A rod of length l slides with its ends along two 

straight guides at right angles, meeting in the point 0. If 

x and y are the distances of the ends of the rod from 0, and 

if x is so small compared with l that terms in x 3 and higher 

^ 2 

powers of x are negligible, prove y — l — I.E.E. 


16. ( a ) Find the term independent of x in the expansion 
/ 1 \ 1# 

( 2 * +;) • 

(b) Evaluate (1-00458) 12 correct to five significant figures. 

17. (a) Find the first four terms of the expansion of 

^1 + -j-) ascending powers of x. 

(6) Write down the seventh term of • 

(c) Using the binomial theorem, find the value of 4* 5 ' 2 
when x = 0-97 (correct to three significant figures). 

/ X^\ ^ 

18. ( a) Expand f3 — and check your result by 
substituting x = 1. 

(b) Find the value of 12* 34 when x — 1-03 correct to 
three significant figures by using the binomial theorem. 
Check your result by using logs. 

19. (a) Expand ^1 — to five terms. 

(6) Find the middle term of (~ — . 

\ 3 2a/ 

(c) The frequency of oscillations in an electrical Circuit 
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containing inductance L and capacitance C is calculated 

from f — _- —• If the values of L and C used in the 

J 2n\/ LC 

calculation are 2*5% too large and 0*5% too small respec- 
tively, what will be the approximate percentage error in 

the frequency ? 

20 ( d) Determine the value of the term which is mde- 

/ 1\ 12 

pendent of x in the expansion of \2x 3 — -J ♦ 

(b) Show that when *, y, z are very small, 

(1 + *)"(! + y) q __ i _j_ nx _i_ qy — mz approximately. 
(1 ■+■ z ) m 

21. (a) Which term is independent of * in the expansion 
/ 1 \ 20 

° £ ( 3xi - 23) ? 

(b) The frequency of torsional oscillations of a wire is 

' Kl 

given by the expression n = ^ 4 , where l, t and r are 

observed quantities and K is a known constant. 

If the following errors are made in observation, deter¬ 
mine the resultant error in the calculated value of n. 
I is 0-2% too small, t is 2*0% too great, r is 3-0% too 

great. 


(c) Dehne e in the form of a binomial expression; by 


means of this obtain a series for 



hence evaluate 



correct to three decimal places. 

22. (a) If e= (l + —)**> where m is inhnitely large, 

obtain the series for e and yfl. Hence evaluate V* correct 
to three decimal places. 

(6) Use the binomial theorem to obtain an approximate 

9*87 cos 2 0 sin 3 a h fl = ß° 
value for the expression -—-• wnere 0 


Vl-004 


and a = 93°. 
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(a) Find the first four terms of the expansion 
(1 4- 2x) i , and reduce the result to its simplest form. 

/I yj\3 

(6) Simplify the expression 4- b) «(1 - cj* ’ assuming 
that a, b and c are small compared with unity. Find the 

approximate value of the expression when a = 


" 1000 ’ C ~ 100 ' 

24. Find an expression giving the approximate value of 
(1 4- x) n when x is small compared with unity. 

Use this approximation to show that an error of 2% in 
the measurement of the diameter of a sphere leads to an 
error of appproximately 6% in the calculated volume of 
the sphere. 

25. Use the binomial theorem to find the value of 
1-0016 x 2-064 x 0-997 

(0-998) 2 

26. State the approximate value of the following 
expression using the binomial theorem: 


(10 4- 0-18) x 0-996 x 3-033. 

27. («) Expand (fl - i) (a + J) • 


V 


( b ) Show that {a + 


(a - 

V a 




+i + !2\. 

+ a i+ 3) 

28. ( a) Write out the expansion by the binomial 




12 (a 


theorem of (^ ~ “) • 


(6) If k is so small that k z and higher powers can be 
neglected, find an approximation to 6 V4 4- k in the 
form a 4- bk 4- ck 2 . 

(c) The height h of an isosceles triangle is small compared 

with the base b. Prove that each of the slant sides is 
approximately \b{ 1 4- 2A 2 /ö 2 ). 
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If the sum of the two slant sides exceeds the base by d, 
prove that the area of the triangle is approximately h 3 jd. 
29. (i) Expand in ascending powers of x as far as x 3 

(a) V{T=Tx), ( b) (1 + *)/( 1 ~ *) 2 - 

(ii) The greatest tensile stress F in a cylinder of outer 
radius R and inner radius r which contains gas at pressure 


F R 2 


Express 


F 

P 


P is given by the formula p = ^2 
in terms of R and t, where t is the thickness of the wall of 

the cylinder, and show that if t is so small that 


F 

D2 


can 


F R 


P 


t 


1. 


be neglected, then 

30. The outer and inner radii of a hollow casting are 
2 R and R, respectively. A small thickness t is removed 
from both the outer and the inner surfaces. Show that if 

L 

R 
15t 
R 


can be neglected, the weight removed is a fraction 


i 


IS 


of the total weight. 


C Volume of sphere of radius d 


4 TUl ;t 


3 

31. If - is so small that terms beyond 

n 



6 


can be 


neglected, prove that 

1 


1 


V a 


2 


\/# 2 + r 


9 
y m 


a 


(t + 


5r 4 


8a 4 / 


V 


32. The volume of water, V gallons per hour, which can 
be delivered by an injector whose throat diameter is d 
millimetres, when the steam pressure is P lb. per sq. in., 
is given by the formula V = 2 d*P>. Find approximately 
the percentage change in V if d is decreased by 3/„ and 


P is increased by 5%. 

33. A point P is in line with the axis of a small magnet ot 
length 2 1 and pole strength m, and distant d from its middle 
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The strength of the magnetic field at P is known 


to be 


m 


m 


a-i) 


2 


ii + 1)* 


If L is 50 small that its cube and higher powers may be 
d 

T 

neglected, show by expanding each term that the field 

± m l 

strength is approximately • 
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TRIGONOMETRY 
EXERCISE VI {a) 

1. Express sin 4kx + sin \Okx as a product. 

2. Express sin 70 cos 40 as the sum or difference of two 

ratios. 

3. Express cos 40 in terms of cos 0. 

4. Express 20 sin 100/ + 40 cos 100/ in the form 
A sin (100/ + y). 

5. Express 19 sin 95° sin 47° as the sum or difference of 
two trigonometrical functions. 

6. Find the value of sin 75°, given sin 45° = 

cos 45° = sin 30° = i cos 30° = 

7. Find sin 80° given sin 40° = 0*6428, cos 40° = 0*7660. 

8. Without tables, find the value of sin 15° and cos 75°. 

9. Express 3 sin 0 — 4 cos 0 in the form R sin (0 — a). 

10. Express as a product sin 46° + sin 38°. 

11 Express 12 sin 0 + 5 cos 0 in the form r sin (0 + *), 

finding the values of y and x. . 

12. In an electrical circuit the voltage is given by 
v = I{R sin + X cos «/). Express this in the form 
v __ / . z sin (at 4- <f>) and calculate Z and </> when R = 400 

and X = 300. . , 

13. Express the function 3 sin x + 4 cos x in the form 

A sin (x + y). . , 

14. If x = 120 + 8*5 sin 0 + 4*7 cos 0, express x m the 

form x — 120 + A sin (6 + «), giving the actuai values of 
A and a. 


50 



15. If W = VI [cos (30 — 4) + cos (30 + 4)) ^ m 

expression for W in its simplest form. E.M.E.U. 

16. If sin <x = f and cos ß = & an( ^ * 3®^ ß are acu ^ e 
angles, without using tables, calculate sin 2a and cos 2ß. 

17. Express the function 3 sin (x -f 30) + 2 C os [x — 60) in 
the form a sin x 4- b cos x, and then convert this to the form 


f sin (x -V 6). 
18. If tan A 


E.M.E.U. 

f and sec B — V and A and B are acute 


aneles calculate, without using tables, tan IA , cos ld ana 
tan (A + B). E.M.E.U. 


19. Express 


8 


+ 


6 


form 


sec 0 ' cosec 0 
20. Express (1 -f- 0’5 sin 2000t:/) sin 50000t:/ 

of three sine waves. 


21. If tan 50 


1-192, find, without using tables, 

(i) sin 50°, (ii) cos 50°, (iii) sin 100°, (iv) cos 25°. 

, A A 

22. Find, without using tables, sin cos and 
tan given that cos A — 0-5. 


EXERCISE VI (b) 


1. Prove that 


sin ß + sin (ß + fn) + sin (ß + §n) — 0 


for all values of ß. 

2. Prove that 


tan 


(j + a ) + 


tan 




2 sec 2a 


3. Prove that 


0) /E 

w V 1 + sin A 


sin A 


sec A — tan A. 


.... cos 50 + cos 30 + cos 0 
11 sin 50 -f sin 30 + sin 0 


cot 30. 
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4. Show that 


sin Ix — sin Sx — sin 5x -f- sin x 
cos Ix + cos 3x — cos 5x — cos x 


tan 2x. 


5. 


If tan E 


t, show that: 
2 1 


1 — t 2 


(i) sin 6 = ( ü ) cos 6 = i+Jv 


(iii) the equation a sin 0 -f b cos 0 = c can be put in 

the form 2 at 4- &(1 — t % ) — c(l + t 2 ). 


6. Prove that 


cos a + cos fa + -£■) + cos + 


4k\ 

t) 


0. 


E.M.E.U. 


7. Prove that 


tan 




1 


sin <j> 


tan 


( 45 + 1 ) 


1 + sin 


E.M.E.U. 


8. Prove that cot 0 

9. Prove that 

cos 60 


cot 20 = cosec 20. 


cos 40 


sin 60 + sin 40 

10. Show that the expression 


tan 0 


sin 2 (0 + 120°) + sin 2 (0 -f 60°) + sin 2 0 

is reducible to a form independent of the angle 0. 
11. (i) Prove that 

2 cos 2 A + 1 = (2 cos A — 1)(2 cos A -f- 1) 


and verify the result when A 


K 

3 


(ii) Prove that 


sin 2 A + sin 2 {A + 4- 


cos 



7n\ 

6 / 


3 

■ 

2 
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12. (i) Prove that 


sin 44 — sin 24 
cos 4A + cos 24 


— tan A. 


(ii) Prove that 

cos 44 = 1 — 8 cos* 4+8 cos 4 4. 

13. Prove that 

(tan 4 + l)(cot 4 + 1) = 2 + sec 4 cosec 4. 

14. Prove the identity 


tan x 


+ 


tan x 


sec x + 1 sec x — 1 

15. Show that sin 20 + sin 40 = 


= 2 cosec x. 
sin 80. 


EXERCISE VI (c). 

1. If a = 324 ft., b = 452 ft., LC = 73° 14', solve the 
triangle and find also the radius of the circumscribing circle. 

2. The triangle ABC has LBAC = 35°, AC = 7 ins., 
BC = 4£ ins. Solve the triangle and make sure it is a 
complete solution. 

3. In a triangle ABC, C = 90°. If 4 = 37° 21' and side 
c = 9T4 ins., find sides a and b. 

4. A triangle has sides a, b, c of length 3 ins., 4 ins. and 
6 ins., respectively. Determine angle 4. 

5. Solve the triangle ABC in which a = 15*3, c = 8*9 and 
B = 112°. 

6. Solve the triangle in which a = 20, b = 30 and c = 40. 

7. The lengths of the three sides of a triangle are 8-2 ins., 
6*8 ins. and 7-5 ins. Find (i) the area of the triangle, 
(ii) its three angles. 

8. Solve the triangle in which a = 5-2, b = 17-3 and 
LC — 119°, and calculate its area. 

9. Determine the third side of a triangle in which a — 7 
b = 11, LC = 56°. 

10. Solve completely the triangle in which 4 = 112° 
B = 27° 30' and c = 2*83 ins. 
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XI. Find the angles of a paraUelogram whose adjacent 
sides are of length 8*5 ins. and 6*45 ins., while the diagonal 
is of length 9-8 ins. Find also the area of the paraUelogram. 

12. ABCD is a quadrilateral in which AB = 1*3 ft., 
AD = 15 ft., CD = 1 ft., ABCD = 98° 8' and LBAD = 

59° 29'. 

Calculate the lengths of the diagonals BD and AC and 
the value of AADC. 

13. Four rods— A B = 18 ins., BC = 21 ins., CD = 20 
ins. and DA = 24 ins.—are jointed to form a plane quadri¬ 
lateral ABCD . A fifth rod joining A to C keeps the frame 
rigid with the angle BCD = 90°. Find by calculation the 

length of this fifth rod. 

14. OABC is a tetrahedron, its base ABC being an 
equilateral triangle of side 4 ins. The angles OAB and 
OAC are both right angles, and the height OA is 3 ins. 

the inclination of the face OBC to the base ABC, and, 
by projecting OBC on to OAB or otherwise, find the angle 

between the face OBC and the face OAB. 

15. A tower Stands on a hill, and from a point at the 

foot of the hill the elevations of the top and bottom of the 
tower are 54° and 48°, respectively. On walking 100 ft. 
up the hiU on a slope of 8° the bottom of the tower cannot 
be seen, but the elevation of the top is 58 . Calculate the 

height of the tower. 

16. OX and OY are two slides inclined at 115° to each 
other A link AB, which is 16 ins. long, moves so that end 
A slides on OX and B slides on OY. Find OA when OB is 

12 ins. . 

17. In a reciprocating engine mechanism the crank is 

12 ins. long and the connecting-rod 40 ins. Find the 
distance of the piston from the beginning of the stroke 

when the crank angle is 35°. 

18. Two planes set out at the same time from an aero- 

drome. The first flies N. at 180 m.p.h., the second S.E. 
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at 150 m.p.h. After 40 minutes they both tum and fly 
towards each other. How far will each have flown when 
they meet, and how long will they have been in the air? 
Obtain, also, the distance of their meeting point from the 
aerodrome. 

19. From a ship, two lighthouses X and Y are observed 
to bear E. 19° 37' S. and E. 59° 43' S., respectively. If 
the bearing of Y from X is W. 63° S., and XY = 5 miles, 
find the distances of the ship from X and Y. 

20. Two objects, A and B, are observed from two points 
C and D on level ground and 135 yds. apart when it is 
found that /LACD = 108°, LADC = 32° 10', LBDC = 
87° 12' and LBCD = 43° 12'. Calculate the distance 
between the objects A and B. 
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MENSURATION 
EXERCISE VII 

1. A hexagonal nut fits into a Spanner which is f in. 
across the jaws and screws on to a i-in. bolt. Find its 
area of cross-section. 

2. A hexagon consists of five equal sides, each of length l, 
subtending an angle 0 (36° < 0 < 72°) at a fixed point and 
equidistant from it, and a sixth side. Find the length of 

the sixth side and the area of the figure. 

3. In a rectangle ABCD, AB = 6 ins., BC = 4 ins. An 
arc of a circle joins the comers A and C, and DC is tangential 
to it. Find the area of the part of the rectangle bounded 

by the arc and the sides AB and BC. 

4. An equilateral triangle ABC of side a has a circle 
drawn through A, B, C, and another circle drawn through 
A and B with C as centre. Find the area common to both 

circles. 

5. A horizontal cylindrical drum is 4 ft. in diameter and 
10 ft. long. It contains water to a depth of 1 ft. 6 ins. 

Calculate the volume of the water in cubic feet. 

6. A steel gudgeon pin is ins. in diameter and 5 ins. 
long, and it has tapered holes machined in it from each end. 
These holes are 1 in. in diameter at the outer ends and 
§• in. in diameter where they meet in the middle of the pin. 
Calculate the volume and weight of the finished pin. 

Steel weighs 0*26 lb. per cu. in. 

7. A metal Container is in the form of a cylinder with 

hemispherical ends. Its total length is 7 ft. and its internal 
diameter is 2 ft. Its envelope is 6 ins. thick and of specific 

56 
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gravity 7-45. Find its weight given that 1 cu. ft. of 

water weighs 62-5 lb. (tc = 3-142). 

8. A steel storage tank, which is cylindrical in shape, 
with flat ends, has its axis horizontal. The overall length 
is 18 ft. and the diameter 3 ft. Make a calculation of the 
volume of liquid required to fill the tank to a height of 30 in. 
above its bottom line. 

9. A rod whose cross-section is a triangle having sides 
1 in., 1-5 ins. and 2 ins. can just be driven into a cylindrical 
tube. Find the internal diameter of the tube, and the 
area of cross-section not occupied by the rod. 

10. A bar of steel is 4 ins. in diameter and 12 ins. long. A 
rectangular keyway is cut from end to end. The width of 
the keyway is 1 in. and the depth, measured from the 
original surface of the shaft, is \ in. If a cubic inch of the 
steel weighs 0-285 lb., calculate the weight of metal 
removed when the keyway is cut. 

11. A rivet head is a segment of a sphere of radius 
0-9 in. and thickness 0-6 in. The body of the rivet is a 
cylinder 1 in. in diameter, and 2 ins. long. Find the weight 
of the rivet if 1 cu. in. weighs 0-28 lb. 

12. Calculate the thickness, volume and curved area of 
a segment of a sphere of radius 15 ins., of which the plane 
face has a radius of 9 ins. 

13. The section of a tunnel is in the form of a major 
segment of a circle. The radius of the arc is 10 ft. and the 
length of the chord is 15 ft. Find the volume of 400 yds. 
of the tunnel. 

14. A mild steel rivet consists of a cylindrical body ^ in. 
in diameter and ^ in. long surmounted by a hemispherical 
head 4 in. in diameter. Find the number of rivets which 
together weigh 1 cwt., the weight of mild steel being taken 
as 490 lb. to the cubic foot. 

15. A solid is in the form of the major Segments of two 
spheres joined at the common circular sections. The 
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radii of the two spheres are 6 ins. and 4 ins. respectively. 
The centres of the spheres are 6 ins. apart. Find the 
superficial area of the solid. 

16. Twenty-four ball bearings each of diameter 0*625 in. 
are to be arranged so that their centres lie on a circle and 
each touches two others. Find the radii of the two 
cylindrical surfaces which will touch all the balls. 

17. Calculate the dimensions and area of the piece of tin 
which would have to be used to make a hollow cone 6 ins. 
in height and of base diameter 6 ins. 

18. An open circular vessel has for its shape the frustum 
of a cone. It is made of steel plate j \ in. thick. Find the 
weight empty if 1 sq. ft. of steel plate i in. thick weighs 5-1 
lb. The dimensions are as shown. 



-- 15 " - - 


19. A sphere of diameter 6 ins. has a conical hole in it 
whose apex is at the centre and whose semi-vertical angle 
is 20°. Find the volume of the remaining portion of the 

sphere. 

20. A solid is in the form of a frustum of a cone with a 
spherical segment scooped out from the top to a depth of 
\ in. If the bottom diameter of the frustum is 5 ins., the 
diameter of the top and of the part scooped out is 3 ins., 
and the depth of the frustum is 1| ins., calculate the volume 

of the solid. 

21. A conical cup is just filled with mercury weighing 
543*75 gms. If the height of the mercury is 4*73 cms., find 
the diameter of the top of the cup given the specific gravity 

of mercury is 13*6. 



CHAPTER VIII 


DIFFERENTIATION 


Example 1. Differentiale J (jrqrj 


y 

dy 

ix 


Uri) 

I (Ä)'‘ 

1 {x 2 •+• 1)* 

2 * 


X 


(* 2 4- 1). I — x{2x) 


x 


t 


X 


1 


{x 2 + l) 8 
x % 


(.X 8 + l ) 8 


1 


X 


2 


2 x *(* 8 + 1 ) ? 


X* 

Example 2. Differentiale ,, 2 ^ 


dy 


x 


\/(a 2 — * 8 ) 

— # 2 ) x 2x 



2 x(a 


2 


(a ! 

x 2 )* + x z (a 2 


l z - 

1 

x % 

X 

l _L 

- X 

1 

X 5 


2 ./„ 2 


(« 


X 2 ) 


2\-i 


(a 2 — x 2 ) 
2x(a 2 — x 2 ) -f x 8 


(a 


x *)* 


2 a 2 % 


a; 


(« 


2 


* 8 )? 


2a; 


Example 3. Differentiale x z +y z 


a z and find 


x z + y 


a 


Differentiating 3a; 2 + 3y 2 . ^ = 0. 


dy 

dx 


(Vol. III, Ch. 5, § 8.) 


x 

y 
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Example 4. Differentiale ax z -f- bx 2 y cxy 2 -f* dy 


and find 


ax z 4* bx 2 y -f- cxy 2 4- dy 


1 . 


Diff e rentiating 


3 “ 2 + *[* 2 .^ + 3 '- 2 *] + ^. 2 y | + yM ] 


+ 3 ^ , -£ 


&~ 0 . 


(Vol. III, Ch. 5, § 8.) 


dy 


dy 


3ax 2 + bx 2 -^--\- 2 bxy + 2c%jy + cy 2 -f 3dy 


dy 

dx 


dy 

dx 


(bx 2 + 2 cxy + 3 dy 2 ) 


(3 ax 2 + xy + cy 2 ) 


dy 

dx 


3ax 2 + 2bxy -f~ c y 2 
bx 2 2 cxy + 3 dy 2 


Example 5. Differentiale \/(l + sin 2 2x). 
y =■ (1 -j- sin 2 2x)* 

^ = -(14- sin 2 2x)~ i X 2 sin 2x x 2 cos 2* 
d# 2 

2 sin 2# cos 2x _ sin 4x _ 

V(1 + sin 2 ^ x ) V(1 + s ^ n2 2#) 


Example 6. Differentiale [a + b cos • 







cos**. 


y 

dy_ 

dx 


sin 3* cos* * 


sin 3*(3 cos* *. — sin *) + cos* x $ cos 

— 3 sin x sin 3* cos* * + 3 cos 3* cos* * 
3 cos* x(cos 3* cos * — sin 3* sin x) 

3 cos* * cos 4*. 



Example 8. Differentiale ö 00086 *. 


y 

dy 

dx 


ad COS bx 


d 


e a cos bx X (a cos bx) 

— ab sin bx . g® 0086 *. 


Example 9. Differentiale log (3 — 4 cos x). 


y 

dy 

dx 


log (3 — 4 cos x). 


1 


X 


d 


3—4 cos x dx 
4 sin x 


(3—4 cos x) 


3 — 4 cos x 


Example 10. Differentiate log 


sin * 


dy 

dx 


2 


cos * 


y = log 


sm x 


2 


cos * 


1 


sin x 


X 


d 


sin x 


dx \2 — cos 



cos x 


2 - 

2 — cos x (2 — cos x) . cos * — sin x. sin * 


sin x 
2 cos x 


(2 — cos x) 


cos 2 x 


sin* x 


sin x(2 — cos x) 


2 cos x — 1 
sin x(2 — cos x) 


Altematively, the Student should note the following 
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method of differentiating the log of a quotient, whether 
algebraic or transcendental: 

y = log sin % — log (2 — cos x). 


(Vol. III, p. 275, Ex. 4.) 


dy 

dx 


1 


sm x 

COS X 

sin x 


X cos x 


1 


2 


COS X 


X sin x 


sin x 


2 


COS X 


2 cos x 


1 


sin x(2 


cos x) 


EXERCISE VIII (a) 

Differentiate the following expressions: 


1 


+ -) 


2 


9 


3. 


3x 

T~ 


x 


4 


5a: 3 — 6x 2 -f- 3Vx 

4x\/x 
x + l\ n 


3x 2 


x 


5. 


X n 


7. X n 


+ 1 1 

-1 _ 


\/3x 


4x 


6. x 2 {l 


xy. 


X 


1 


8. ax z (a -f- bx ) 4 . 


9. VÖ** — 12a; 2 + 4. 


10 



x 


x 2 + 1 


11. (6a; 2 -f 32)1 + (5 a: 3 -f 6 a; 2 + 9)^. 

12. Va; 2 + 3x -f- a/ (x 5 + 3a: 2 ) 3 . 


13. 


15. 


1 + x 

1 — x 

\/x -h x 2 



14. -(- 
x\a 


i ß\\ 

12 V x ' 



16. 


3a; 2 


a/7 


x 


17. a; 0 ' 8 


x 


1 

0-2 


18. (5 — 3a:) (1 


% 2 ). 


19. 


(5x — 1) 

V x 


20 . 


x 


V1 -f- x 2 4- a; 
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EXERCISE VIII (6) 

Differentiate the following expressions: 


1. Vx s\ 


sin x. 


3. 4 cos (2 — 3*). 
5. sin 2x cos 3x. 


7. 


sin x 


9. 


1 + cos X 
sin 2 x 


11. sin 2 (2x + 3). 

13. x 2 sin 2x. 

15. (1 -f ax 2 ) cos bx 2 

17. 5 sec (2x -f- • 

19. sin 2 (3x + 4). 


21. ^cos3x. 

23. sin {ax -j- b) + cos {ax 
4x 2 


24. 


sin 2x 


2 . 


cos 3x 


x 


4. cos 2 (5* + 3) 

r 

6. ^ cosec 2x. 


8 . 


COS X 


sin x 


cos x + sm x 


10. sin 3 5x. 

! 2 . i sin (g + 3 ) 


14. 

16. 


sin {ax 2 + bx -f- c). 
4x~ & tan (3 — 


2-5*) 


18. cot 3 3x. 
20. tan \x. 


22. tan 
!- bi). 


(1 + x i ) 


EXERCISE VIII (c) 
Differentiate the following expressions 

1. löge {x + 3) + {x* + 6) löge X . 


2. log. 


1 + x 

r= 
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3. 

4. 

6 . 

8 . 

10 . 



14. 

16. 

17. 

18. 

20 . 


log* (3# -f 2) — * 2 log« ( 2 % 

log c Vl — x 2 . 


log, 


3x — 2 
3x + 2 


logg Vx 2 + 1. 

4 log 10 (1 + * 2 )?. 

log. (3.v - 7) 2 . 


- !)• 

5. % logg *. 

7. x log 10 # — x. 

9. log e {ax 2 4~ 2hx + b) 
11. log 10 {ax 2 + b). 


13. 


log e X 


X 


log, 


log e x 


5 — 4* 2 
3 + 5x 2 
- 4 


15. 


3 logg x 
x -f- 1 


\/ x 

X 3 log (3 — x) — (x 2 4- 2) log, 


x 4- 3 


x 2 4- 2# 

i -“ 1 

x 4~ 1 
rx 2 4- * 
Lx 2 ^ 


19. log, 


x 


3 


-\/2x 4- 1 



EXERCISE VIII {d) 

Differentiate the following expressions: 


1. log« sin 2x. 

3. e“-r cos bx. 

5 e * lQ g« * • 

cos X 

7. e x sin {ax 4- b). 

9. 2e 3x sin (3x 4- 1). 

11. logg sin x. 

13. e~ m cos x . 

% 

15. logg sin h- 


2 . 

4. 

6 . 

8 . 

10 . 

12 . 

14. 

16. 


X 

logg tan 2 ' 

4- logg 
x 2 logg x 
e x 

e -2x C os ßx. 

3e~ 3x logg (1 4- *)• 

logg cos (| + 4 ) " 

logg [e x sin x ). 

2 cos (2# — 3) 

3e^ 
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17. V<5* sin x 


18. 5<r to sin (6* — 7). 


19. 


21 . 


tan 3% 

e x 

sin 3x 


x 


20 . e? sin h + «’** cos 2x 


EXERCISE VIII (e) 

Differentiate the following expressions 

1 . 7 «»« + ßf,- 


2. 3e 


~2x 


sin x 


4. 2 
7 . a x log,a. 
10 . — £). 


6. 3a: 2 ^. 
8 . 5* äin3x 
11 . a x {I - 


# 2 ) 8 . 


3. ^ 


smx 


6 . 4<j®* — 3. 
9. <r a * +4 . 




C'HÄPTER IX 


GRADIENT AND SLOPE 


IThe gradient of a curve is explained in Vol. II, Ch. 14. 

The slope of the tangent at any point is given by the value 

Of ^ at that point. 

Example 1. Find the equation of the tangent to the conic 
&x^ -{- 2 hxy by 2, -f- 2 gx -f- 2 fy -j- c = 0 at the point {x x ,yi). 
Differentiating, 

2 ax + 2 h(xi~ -f yj -f 2 by ^ -f 2g + 2/^ = 0. 

(Cf. Vol. III, p. 99.) 

2 ax -j- 2 hx ^ + 2 hy + 2by 4- 2g 4- 2/^ = 0. 

dy _ ax hy g 

* * dx hx by -h / 

The equation of the tangent at the point («*i, yi) is 

y —yi — £ x ( x ~ x i)- 


dy 


ax i 4~ hy 1 4~ g 


g «* ^ point (*„ y x ) is - ^ 

The equation of the tangent at {x x , y x ) is 


y — yi 


ax i 4- hy x 4- g 
hx x 4- by x 4- / v 

Example 2. At what point of y 2 4- a 
angent be inclined at 45° to the x-axis ? 

y* 4~ a 2 = ax. 




2 




a. 


dy _ a_. 

dx 2y 
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The slope of the tangent at any point is 


dy 


If the tangent is inclined at 45° to the *-axis, then -g 


at the point of contact is 1. 

. « , . a 
• • 2 y~ h * * y “ 2 * 



the point of contact is 



Example 3. Find the equations of the tangent and normal 
to the curve y — 2x 2 — 4x + 5 at (3, 11). 


y 

dy 

dx 


2x 2 — 4x -j- 5. 
4x — 4. 


At the point (3, 11), 



4x3 



the equation of the tangent at (3, 11) is 

y — 11 = S(x — 3) 
or v = Sx — 13. 

mS __ 


If a line of slope m x is perpendicular to a line of slope m it 
then = — 1. 

The normal to a curve at a point is the line perpendicular 
to the tangent at that point. 

Thus the slope of the normal is — 

Since the normal passes through (3, 11) its equation 


IS 

v - 

- 11 = 

= - \{x - 3) 

or 

8y- 

- 88 = 

= 3 — x 

i.e. 

&y x = 

= 91. 
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Example 4. Find the angle of intersection of the curves 

x 2 — y, y = 8 — x z . 

First find the points of intersection. 

y — 8 — y. /. y = 4. X = db 2. 

points of intersection are (4- 2, 4), (— 2, 4). 

(a) For x z =y, ( & = 2x. 

At (+ 2 , 4 ), ^ = + 4. At (— 2 , 4), ^ = — 4. 

(ft) Fovy = S-x z ,^ = -2x. 

At ( 4 - 2,4), ^ — 4. At (—2, 4), ^ = 4- 4. 

Now the angle 0 between two straight lines y = m x x 4 - c x 
and y = m z x 4 - c z , having slopes m x and tn 2 , is given by 

A ^ m \ — n h 
tan 0 = ■=— . 

4 — (— 4) 8 8 • 

(a) tan 0 at ( 4 - 2, 4) = j + 4 _ 4 — 3715 ” 15* 

/. 0 = 180° — 28° 4' = 151° 56'. 

— 4 — (+ 4) — 8 8 

(b) tan 0 at (- 2, 4) = 2 + (_ 4 j 3^4 ~ ZTIg “ 15* 

0 = 28° 4'. 

Actually the curves cut at the same angle at both points 
of intersection, 28° 4' being the Supplement of 151° 56'. 

EXERCISE IX 

1 . Without drawing the curve y — x* — 2x z 4- 1, find : 

(i) The slope of the curve at x = — |. 

(ii) The equation of the tangent to the curve at the 

point where x = 2 . 

(iii) The approximate increase in the ordinate as x 
increases from 3 to 3*01. 



GRADIENT AND SLOPE 0Ö 

(iv) The tuming values of the Ordinate, and where 
they occur. 

2. Given that y — 1-32 -f 0-5% 15 , find the slope of the 

curve at the point where x = 2. 

3. Give two values of x for which the tangent to the 

curve y = x sin x -f* cos x is parallel to the %-axis. 

4. The slope of a curve is given by 

^ = 2a; 2 + 4* + 5. 
dx 

Find its equation if it passes through the point (3,1). 

5. A tangent to the curve y = 2x l1 makes an angle of 
60° with the *-axis. Find the co-ordinates of the point of 

contact. 

6. Draw the tangent to the curve y = x 2 — 3x + 4 at 
the point x — 3, without plotting the curve. 

N.C.T.E.C. 

7. Show that the tangent to the parabola y — x 2 at the 
point on the curve where x = 1-5 is parallel to the straight 
line y = 3x + 4t. 

8. Find by differentiation the angle which the tangent 
to the curve y = 2 — x s makes with the %-axis at the 
point where x = 3. 

9. Find the angles of intersection of the curvesy = x* + 3 
and y -j- x = 15. 

v3 

10. Find the angle between the curves y = -j and 

y — 6 — x 2 at their point of intersection and draw a rough 
sketch of the curves. 

11. Determine the equation of the normal to the parabola 
y = 3x 2 at the point where x = 1*5. 

12. Determine the equations of the tangents to the 
circle x 2 -f- y 2 = 5 at the points where x = 1. 

13. Find the acute angle between the tangents to the 
curve y = $x 3 — 2x at the points where x = 1 and x — — 2. 
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14. Find for what values of x the tangent to the curve 
y = x z -f # -f- 1 is parallel to the chord joining the points 

where x = 1 and x — 3. 

15. Find the gradients of the curve y = 5 — 2x-j~ 3x 2 — 2x 3 
at the points for which x = a, x — a — b, x = a b. 
Show that the first of these gradients exceeds the average 

of the other two by Qb 2 . 

16. If y = V3x -f- 4, find the slope of the curve where 
x = 4. 

17. The slope of a curve at any point is given by the 
function (2# — 3). The tangent to the curve is horizontal 
when y = 12. Hence determine the equation to the curve, 
and state whether the tuming point is a maximum or 

minimum. 

18. Sketch approximately to scale the curve represented 
by the equation y = e ix , and find the gradient of the curve 
and the inclination of the tangent to the axis of x when 

x = 1. 

19. Find the equation to the tangent at the point (2, 7) 

to the curve y = x 3 — 2# q- 3. 

20. Use the calculus to find values of x between 0 and 

^ 7 c, where the curve y — sin 3x has a slope equal to 2. 
Illustrate by a graph. 

21. What is the gradient of the chord joining the points 
where x = 1 and * = 4 on the curve y = x 3 + 3x, and at 
what intermediate point is the gradient of the curve equal 

to the gradient of this chord ? 

22. Find the equations of the tangent and normal at 

the point (am, atn 3 ) on the curve a 2 y = x 3 . 

23. At what point on the parabola y = x 2 + 5x — 2 is 

the tangent parallel to the line y + 1 = ? 

24 Determine the angles between the tangents to the 

curves y = x 2 + l and y = 3x - x 2 at both points of 
intersection. 



CHAPTER X 


RATES OF INCREASE 


Example 1. The volume of a sphere is increasing at the 
rate of 5 cub. ins. per second ; at what rate is (i) the radius, 
(ii) the superficial area increasing, at the instant when the 
radius is 6 ins. ? (See Rates, Vol. III, p. 132.) 

= V = 


The volume of a sphere 


f ^ 3 


Differentiating with respect to time, 


dV 

dt 


4:rr 2 . 


dr 

dt 


dV 


5 and r — 6. 
dV 


dt 


dr 


dt 4tc r 2 4 x tc x 36 

5 


144 tc 


5 


the radius is increasing at P er sec * 

(ii) The superficial area of the sphere = S — 4* r 2 . 


Differentiating with respect to time. 


dS 

dt 




dr 

dt 


Now 


• • 


dr 

dt 

dS 

dt 


5 


4 x 7t x 36 


, and r = 6 


8tvt 


dr 

dt 


8 . tc . 6 . 


5 


4 . tc . 36 


= f sq. m. per sec. 
the superficial area is increasing at 
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sq. m. per sec. 
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Example 2. The height of a cone is 15 ins. and remains 
constant, while the radius of the base is increasing at the rate 
of 6 ins. per min .; at what rate is the volume of the cone 
increasing at the instant when the diameter of the base is 1 yd. ? 

Volume of cone = V — i*r 2 A. 


Differentiating with respect to time. 


dV 

dt 


2 . dr 


When r = 18 ins. and 


dr 

dt 


6 ins. per min.. 


dV 2 


dt 


^ * . 18.15.6 

3 


1080*. 


Volume is increasing at 1080* cu. ins, per min. 

Example 3. A man 6 ft. high walks at the rate of 6 ft. per 
sec. along a horizontal pavement lighted by a lamp 10 ft. 
vertically above it; find the rate at which the length of his 

shadow on the pavement changes. 

Let the man be x ft. 
from the lamp-post. 

Let the length of the 
shadow = 5 ft. 


Then 7 


S 


6 


S + x 10 


10S 


es + 6x 



4S = ex. 

Differentiating: 4 


s 


* 0 


dS 

dt 

dS 

dt 


e 


dx 


- ->< - - X - 

Ftg. 6. 


dt 
3 dx 
2 dt 


1 x 6 


9 . 


the shadow increases at 9 ft. per sec. 

EXERCISE X 

1. A vessel has the form of'an inverted cone whose height 
is equal to the diameter of the base. Water is poured 
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steadily into it at the rate of 0*25 cu. ft. per min. Find 
the rate in feet per minute at which the water ievel is rising 
after 3 mins. 

2. The cross-section of a trough is an equilateral triangie 
of side 18 ins. and its length is 6 ft. If water is poured into 
the trough at the rate of 2 cu. ft. per min., at what rate is 
the water level in the trough rising when the water ievel is 
1 ft.? 

3. A circular patch of oil spreads out on water; the area 
is growing at the rate of 6 sq. ins. per minute. How fast 
is the radius increasing when the radius is 2 ins. ? 

4. Water flows into a hemispherical tank at a constant 
rate of 100 cu. ins. per sec. Calculate the rate at which 
the water surface is rising when the depth of water in the 
tank is 5 ins. The radius of the tank is 10 ins. [use p. 119, 
no. 9]. 

5. For the function y — 3x 4 — 21, what is the value of 
x when y increases 96 times as rapidly as x ? N.C.T.E.C. 

6. If water is poured into an inverted hollow cone, whose 
semi-vertical angle is 30°, at the rate of 10 cu. ft. per sec., 
find the rate of increase of the depth when the depth is x ft. 

7. A small spherical balloon is being inflated, and its 
volume is increasing at the rate of 3 cu. ins. per min. 
Obtain a general expression for the rate at which its 
surface area is increasing and evaluate this rate when the 
balloon is 6 ins. in diameter. 

8. (i) Find correct to three significant figures the increase 
in the value of sin 4S when S increases from 0-6 to 0*6002 
radian. 

(ii) Two rods OA, OB, each 10 ins. long, are pivoted 
together at 0. If angle AOB is 0, prove AB = 20 sin ^0 
ins.; and if 0 is increasing at the rate of 20 degrees per sec., 
find the rate at which A B is increasing when 0 = 60°. 

gj, find the rate at 


9. If r = 5 sin v -f- 4 cos 3v 
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which r increases if v is increasing at the rate of 5 radians 
per sec. Evaluate your result when v = re. 

10. The torque in the crankshaft of a certain engine in 
lb. ft. is 1400 + 600 sin 6 — 100 sin 30, where 6 is the angle 
tumed through from a dead centre position. If the crank¬ 
shaft is making 2000 rev. per min., find in lb. ft. per min. 
the rate at which the torque is changing when 0 = ^tc. 

11. The adiabatic equation for a gas is pv 13 = 570. 
Find an expression for the rate of increase of pressure with 
respect to volume, and calculate this rate when the volume 


is 26-3. 

12. The candle-power (/) of a lamp at different voltages 


(F) is given by: 


I = 4 X 10- 6 V 4 ' 2 . 


Find the voltage at which the light is increasing at the 

rate of 0-5 candle-power per volt. 

13. Two roads diverge from a point C at an angle of 
30° and two men start together from C, the first travelling 
at 4 m.p.h. along one road, and the second travelling at 
5 m.p.h. along the other. Obtain an expression for their 
distance apart after T hours and for the rate at which this 
distance is changing. Evaluate these expressions when T 

is 4 hrs* 

14. A hemispherical bowl of radius 12 ins. is partly filled 
with water. If the depth of the water is * ins. and the area 
of the water surface is y sq. ins., express y in terms of x. 

If water is poured in at such a rate that x increases 
uniformly at 1 in. per sec., find a formula for the time rate 
at which y increases. Give the numerical result when 


15 A windlass 40 ft. above ground level is used to haul 
wagons along rails on ground level. If the rope is wound 

the r Je of 10 ft. per min., find the velocity of the 

wagon al on g the rails when it is 50 ft. from a point vertically 
below the windlass. 
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16. A cylinder of internal radius 9 ins. has water poured 
into it at the rate of 1 cu. ft. per min. Find the rate at 

which the depth of the water increases. 

17. The ends A and B of a straight link in a mechanism 
are constrained to move respectively along two straight 
lines YO and XO, which meet at right angles at 0. When 
the link is inclined at 60° to OX, the point B is moving at 
the rate of 6 ft. per sec. away from 0 ; find the velocity of 
A at this instant. 



CHAPTER XI 


VELOCITY AND ACCELERATION 


Example 1. A point moves in a straight line so that its 
distance S front the origin at time t is given by the equation 
S = 10 + 8 sin 2£ + 6 cos 2t ; frove that its acceleration 
varies as its distance from a fixed point in the line of motion, 
that its motion is oscillatory, and that the origin is cd one 
extremity of the path. 


Velocity of point 



= 10 + 8 sin 2t + 6 cos 2t 

= — = 16 cos 2t — 12 sin 2t 
at 

(Vol. III, Ch. 7.) 


Acceleration of point 




— 32 sin 2t — 24 cos 2t 

(Vol. III, Ch. 7.) 

— 4(8 sin 2£ + 6 cos 2t) 

— 4(S - 10). 


Thus the acceleration varies as the distance of the point 
from a point 10 units of length from the origin. The 
negative sign indicates that the acceleration is towards 

this point. 

The oscillatory nature of the motion can best be seen by 
a change in the form of the equation of motion, i.e. 

S = 10 + 2[4 sin 22 + 3 cos 2t] = 

10 + 10[cos 0 sin 2t + sin 6 cos 2t], 

where 4 = 5 cos 0 and 3 = 5 sin 0. 

Thus 

S = 10 + 10[sin (0 + 2t)] = 10[1 + sin (0 + 2t)]. 
From this we see that S varies between 0 and 20, since 
sin (0 + 2t) oscillates between — 1 and + 1. 
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This also shows that the origin is at one extremity of 
the path. 

Example 2. If the velocity of a particle varies inversely 
as the square root of the distance travetted, prove that the 
accderation varies as the third power of the velocity. 

Velocity = ^ = K . S~* — v, 



Acceleration = 


d 2 S 

dt 2 


hK.S' 



Thus the acceleration varies as the cube of the velocity. 

Example 3. A point moves so that S = 16 -f 48* — t z \ 
when and where wiU it stop and reverse its direction of 
motion ? 


S = 
Velocity = 


16 -j- 48£ 
dS 


dt 


48 


t z . 

St 2 . 


Velocity = 0 when St 2 = 48, i.e. t 2 = 16, t — 4. 
Thus the point will stop after 4 secs. 

After 4 secs. S = 16 + 48.4 - 4 3 = 144. 

So the point will stop after travelling 144 ft. 


EXERCISE XI 

1. The following expression relates the displacement, S, 
of a point in a certain mechanism with respect to time, t : 

S = ut — \ft 2 . 

Derive expressions for the instantaneous velocity and 
acceleration. 

2. (i) In time t sec. a body is displaced S ft. in a straight 
path, so that S = 40/ + 32/ 2 . Deduce from first principles. 



78 EXAMPLES IN PRACTICAL MATHEMATICS 


expressions for the velocity and acceleration at a time 
/ sec. 

(ii) A stone is thrown vertically upwards. Its velocity 
at a time / sec. after the instant of projection is (60 — 32/) 
ft. per sec. Find the height of the stone above the point 
of projection after 2 secs. 

3. The motion of a particle is given by 

^ = 6/ 2 — 3 / + a, 


where a is a constant. The displacement is 3 units when 
/ = 1, and 1| units when t — |. Find the displacement 

and acceleration when / = 1^. 

4. The velocity of a particle is given by 

^ = 3/ 2 — 5t + 4. 

wb 


If / = i when x = 2, find x in terms of /. 

5. A particle starts from 0 at rest and moves along OX 
so that its acceleration after any time / secs. is (15 — 3/) 
ft. per sec. per sec. Find its distance from 0 when its 

velocity is again zero. 

6. If S is measured in feet and t in seconds and 
5 __ *3 _ 9^2 _j_ 24/, find the velocity and acceleration 

when / = 5. Find also the values of / when the body is 
momentarily at rest. 

7. The following relationship exists between the displace¬ 
ment, S ft., of a moving body, and the time, / sec.: 

S = 2t* — 9/ 2 + 12/ -f 4. 


Find: (i) when it comes to rest; 

(ii) when its acceleration is zero ) 

(iii) its velocity when its acceleration is zero; 

(iv) its acceleration when its velocity is zero. 

8 A particle moving in a straight line has as its space 
time equation S = 2t‘ - 4/ a + 21 + 3, where S is its 
distance in feet from a given point at time t secs. 
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(i) Find its velocity after 2 secs. 

(ii) Find its acceleration after 2 secs. 

(iii) Find after what time it comes to rest. 


9. A body is moving in a straight line so that the distance 

S ft. moved in / secs. is given by S = 100/ — 20/* + /*. 
Calculate the acceleration after 2 secs. E.M.E.U. 

10. The distance, S ft., passed over by a body in / sec. is 
given by S — 4/ — 5/* + 2/ 8 . Find the velocity and 
acceleration after 3 secs. 

11. If H — bt — 16-1/ 2 represents the height H reached 
by a body projected upwards, in time / secs., find the 
velocity and acceleration of the body. State the meaning 
of the constant b . 

12. The displacement x in inches of the slide valve of an 
engine is given by the expression T2 cos 0 + 1*8 sin 0, 


where 0 = 


300 x 2 tt/ 
60 


, since the engine is running at 300 


r.p.m. Find an expression for the velocity of the valve, 
and evaluate for / = 0-01 sec. Give the answer in ft. sec. 
units. 

13. The distance 5 ft. traveiled by a body in / secs. is 
given by S = 7 sin (5/ + 3), where the angle is in radians. 
Find the velocity and acceleration when / = 0*2 sec. 

14. An electric motor is running on no load at full speed 
when the supply is cut off, and it gradually comes to rest. 
The revolutions N made after / min. from the instant when 
the supply is cut off are given by the equation 


N = 3000(1 — e- kt ). 

Derive expressions for the velocity and acceleration of 
the motor after / mins. in revolutions per min., and revolu¬ 
tions per min. per min. respectively. 

If the initial speed is 1430 r.p.m. calculate the value of 
k and the revolutions made in the first £ min. 



80 


EXAMPLES IN PRACTICAL JIATHEMATICS 


15. (i) If I = 4 sin (tat — — cos 3 (<*>£ + 5g), find the 

value of —. Find the rate at which I is increasing when 


dt * 

t — 25 secs. if o> 


7T 

5Ö 


radians per sec. 


48 SCO« 

l_ 
48 



fih The distance % from the origin at time t of a body 
moving along the * axis is given by the ormula 
x = £ 2 (15_ 2t). Find the velocity v and the acceleration 

f at any time and verify that Qx = 4 vt — fi % . 

16. The equation of a particle which travels to and fro 

along a straight line is S = 8 sin (4 rt + j), where S is the 

distance in inches, and t the time in secs. Find: 

(а) a value of t when the particle is at the point from 

which S is measured j 

(б) the total length of the path; 

(c) the velocity when t = 

Id) the acceleration when t 

17. The displacement S ft. of a point after t sec. is given 
by S = 3 cos 2t. Find the velocity after t sec., and show 

that the acceleration after t sec. = — 4S. 

State the maximum values of velocity and acceieration. 

18 A wheel tums through 0 radians in t secs. suc 
0 = 50 -f 15 t — P. Find its angular velocity and accelera- 

tl0 19 a ^point^ravels from O along a line so that its speed 

t secs. after leaving 0 is given by 3f* + 4/ ft. per^ec. , m 
addition, its distance, x, from 0 is4 ft., when t - 1, obt 

a formula for x in terms of t. 

20. A displacement S is given by S = 2t _ 57< + 60» 
What value ot t makes the velocity zero? Find the 

acceleration when t = 4 secs. 



CHAPTER XII 


MAXIMA AND MINIMA 


Before working through the 
Student is advised to read Vol. 
Ch. 7. 


following examples the 
II, Ch. 15, and Vol. III, 


Example 1 . Find the maximum and minimum values of 


8x 2 + 3* + 15. 

dy 

dx 


3* 2 - 16* + 3. 


For a maximum or minimum 3x 2 — 16* + 3 = 0. 

(See Vol. III, p. 116.) 

Since this equation will not factorise we use the formula 


8 + V64 


V55 


d 2 y 
dx 2 


5-139 or 0-195 
6x — 16 = 2(3* — 8). 


d*y : 


(See Vol. III, p. 118.) 


dx 2 


is + ve for x — 5-139 and —ve for * = 0-195. 


Thus * = 5-139 gives the minimum value of y and 
= 0-195 gives the maximum value of y. 

When * = 5-139 


y = (5-139) 


8(5-139) 2 + 3(5-139) + 15 


When 


= — 45-76 (the minimum value). 


* = 0-195 

y — 15-29 (the maximum value). 


Example 2. Show that V{(« 2 — 
and b are constants, is least when x 2 

r 81 


* 8 ) 2 + 4 b 2 x 2 }, where a 
=a % — 25 2 
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The least value of the expression occurs for the least value 
of its square, so let 

\/y = a/{(« 2 — x 2 ) 2 -F 4 b 2 x 2 ). 

Then y = (a 2 — x 2 ) 2 -j- 4 b 2 x 2 

— a* — 2 a 2 x 2 -f- x* -F 4 b 2 x 2 . 

Then ^ = — 4A + 4* 3 + 86%. 

dx 


For a maximum or minimum 



(Vol. III, p. 116). 


.*. 4*(* 2 -f 26 2 — a 2 ) = 0. 

x — 0 or # 2 = a 2 — 26 2 . 


Now 


d 2 y 

dx 2 ~ 


— 4a 2 -F 12* 2 + 86 2 


= 12# 2 — 4(a 2 — 26 2 ). 
If we put x 2 = a 2 — 26 2 

= 12(<z 2 - 26 2 ) - 4(a 2 - 26 2 ) 



which is positive, since a 2 — 26 2 = # 2 . (Vol. III, p. 119.) 
Thus x 2 = a 2 — 26 2 gives a minimum. 


Example 3. The current sent through a resistance R by a 
battery consisting of a fixed number of cells n, each of voltage 
E and internal resistance r, arranged with x cells in series 

nxE 

and ~ rows in parallel is , ^ + ^ amperes. How many 

cells must be in series in order to give the maximum current ? 


Current = / = 


nxE 

(x 2 r + nR) 


dl (x*r + nR) X nE — nxE(2xr) 
dx ~ nR) 2 


n 2 RE — n rEx 2 
(#% + nR) 2 
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• * 


a maximum or a mmimum 


dl 

Ix 


0 . 


d*I 

Ix* 


n* RE = nrEx *. 

(xV -f- nR)* x — 2 nrEx 


. _ fi* 

“ V r 


r 

(n*RE - nrEx*) 
x 2(xV + nR) • 2xr 


(x*r + nR)* 


IhR 

This expression is negative when x = /— 

number of cells in series for maximum current 


Thus the 



nR 


Example 


Find when the curved surface of a cylinder 


inscribed in a given sfhere is a maximum. 


Let the radius of the sphere be R. 
From the diagram it will be seen 
that the radius of the cylinder is 

= 2 R cos 0. 


R sin 0 and its height = 

Curved surface of cylinder = 
2 tt x its radius X its height. 

.*. C — 2n. R sin 0.2 R cos 0 


C 


4t zR 2 sin 0 cos 0. 



dC 

dQ 


Fig. 7. 


47t/?*[sin 0 . — sin 0 -f- cos 0 . cos 0] 
47tÄ 2 [cos 2 0 — sin 8 0]. 


For a maximum or a minimum 
/. sin 2 0 = cos 2 0. 


dC 

dQ 


0. 


tan 0 = 1. 


tan 2 0 = 1. 
sin 0 = cos 0 


1 


d*C 

i0 8 


V2 


4:r/? 2 [2 cos 0 . — sin 0 — 2 sin 0 . cos 0] 


16*/? 2 sin 0 cos 0, 


which is negative when sin 0 = cos 0 


1 


V2 
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• sin 0 = COS 6 


VS 


g gives 


maximum 


then 


cylinder 


and 


R 

V2 

V2R 


Altcraatively. 

Let radius of sphere 
dius of cylinder = r. 


R and 


The curved surface of cylinder 


JhP 


C = 2jc r x 2 VR 2 


4rcr\/ R 2 


dC 

dr 


47tr x 


2r 


2’ (fl 


y 2)i 


4tc 


+ (R 2 

r 2 + -R 2 — r 2 

(fl 2 — r 2 )* 


r 2 )* . 


Fig. 8. 


For a maximum or a minimum 

*. fl 2 = 2r 2 . 


dC 

dr 


0. 


R 

V2 


Thus the curved surface of the cylinder is a maximum 

when its radius is —7= times radius of sphere. 

V2 




Example 5. Find the dimensions of the cylinder of maxi¬ 
mum volume which can he inscribed in ^ 

a given sphere. / / \ 

As in the last example, let radius / q/ \ 

of sphere = R, then the radius of / [/H \ 

the cylinder = R sin 0 and its height l I 

== 2 R cos 0. \ I 

Volume of cylinder \_/ 

= 7 t(iR sin 0) 2 . 2R cos 0 
= 2 ti: 2? 3 sin 2 0 cos 0. 


Fig. 9. 
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dV 

dt 


27cÄ*[sin* 0 x — sin 0 + cos 0 X 2 sin 0 cos 0] 


= 2tcR z [2 cos 2 0 sin 0 sin 8 0]. 

dV 

For a maximum or minimum = 0. 

«o 

\ 2 cos 2 0 sin 0 = sin 3 0. 


sin 0 = 0 or 2 cos 2 0 = sin 2 0, i.e. tan 0 = V2. 


Sin 0 


0 obviously gives a minimum volume. 


For a maximum volume, if tan 0 = V2, sin 0 


V2 

Vs 


and 


cos 0 


1 


Vs 


m m 


Maximum Volume 


Ä „„ 2 1 

2rr R z X ~ X — 7 = 

3 VS 


&VStcR* 

9 


and the dimensions of the cylinder are: 


radius 


Vß 

T 


R and height 


2VS 

3 


R. 


Example 6. A wall 9 ft. high is 21 ft. 4 ins. front a house. 
Find the length of the shortest ladder which will reach the 
house when the lower end is on the ground {horizontal) on 
the other side of the wall. 

Let the inclination of the 
ladder to the ground be a, 
and let the portions of the 
ladder from wall to ground 
and wall to house, be l x 
and l 2 . 


Then 



l x — 9 cosec a, 
l 2 — 21'j sec a. 

Then length of ladder = / == 9 cosec a -f 2l£ sec a. 
Differentiating 

dl = 9 (- 


d 


cosec a cot a) + 21| (sec a tan a). 
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For a maximum or minimum 

21£ sec a tan 

9 cos <x 64 sin a 


9 cosec a cot a 


• * 


sin 2 a 

tan 3 a 

tan a 

cosec a 
Z = 


3 cos 2 a 

27 

64 

ä. 

4 

f, and sec a 
6 

41# ft. 


4 

4 


9 x f 4- ¥ x £ 


dH 


mm * W V • | 

This gives a mmimum, smce is + ve 


for tan a = £ 


Example 7. .4» alternoding current i is represented by the 

equation i = 50 sin (100 nt + 0-04). Find, by diff er enti- 
ating, the value of t to make the current a maximum, and 

find this maximum value. 

i = 50 sin (IOOuZ + 0*04) 

dl = 50 cos (100 t d + 0-04) X 100tc. 


dt 


mmimum 


di 

dt 


0 


cos (100 Tzt 4- 0-04) = 0 


TO 3tC 5tE , 

100 7 xt -f 0-04 = or —, or —, etc. 


T aking 


IOOttZ 


7T 

2 


2 ' 
0-04 


2 


t 


1 


200 


0*04 

100tc 


for the maximum 


current. 


ve. 


This is a maximum because 
The maximum value of the current occurs when 


dH . 

dt^ 1 


IOOttZ -f 0-04 


7C 

2 


i.e. when i 


50 sin I 


50. 
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Example 8. Find the value of r, the radius of a sector of 
a circle, such that, for a total perimeter P, the area A of the 
sector tnay be a maximum. 

Let the angle of the 
sector be 0, 
then P = 


0 


2 r -}- rd 

P-2r 


Area of sector = A 

= ir*0. 

(Vol. II, p. 88.) 

1 „ P - 2; 


A 


2 r 


r(P - 2 r) 



r0 


Fig. 11 . 


dA 

dr 


\[r . - 2 + (P - 2 r) . 1] 
¥ l P - 4rl. 


For a maximum or minimum 


d 2 A 

dr z 


dA 

dr 

1 

= 2 


0 . 


P — 4r 


4 which is — ve. 

P . 


— gives a maximum. 


P 

4 


Example 9. A cyclindrical water-tank closed at each end, 
of capacity V cu. ft., is to be constructed of metal plates having 
a total area of S square feet. Show that S will be a minimum 
when the length of the tank is equal to its diameter. If the 
capacity is to be 20,000 gals., find the diameter of the tank 
when S is a minimum, and find the total area of plate 
required. 

Let the length of the tank — / and its diameter = x. 




Then 
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S 


dS 

dx 


. 1 . 


nx 4 

~T 

TZX‘‘ 

~2 

nx* 4V 


l 


-J- 7C Xl 


TC— TtX • o 

2 nx £ 


nx 


4V 


x 


MATHEMATICS 

4V 

‘ ' 11 "" • 

ic # 2 



For a maximum or minimum 


dS __ 
dx 

0. 

nx - 

4V 

- = 0. 

* 2 

rr ux 

•• V ^T 

But 





F = 

nx 2 j 

4 ' ' 

* 

m m 

nx 2 1 nx 3 

4 * “ 4 * 

,*. * = l*_ 

d 2 S 

Now 

+ S - 
+ *3* 

* 

# i 

which is +ve. x = 

V = 20,000 

7t xH rtX 9 y 

4—4 

l gives a minimum. 

20,000 


• 

X 3 

_ 80,000 



7C 


from which x can be found. 


Also 



which can be calculated from a knowledge of * and V. 


EXERCISE XII 

1. Find the maximum and minimum values of 

y = 2x 3 — Ix 2 -J- 4x -f- 4. 

Sketch the curve roughly. 

2. The efficiency of a steam turbine is given by 

^ s=s 4(np cos a — n 2 p 2 ), 
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where n and a are constants. Find the maximum value 

of TJ. 

3. In a submarine telegraph cable the speed of signalling 

1 

is found to vary as x 2 log where x is the ratio of the core 

diameter to that of the outer insulating covering. Find 
the value of x which makes the speed of signalling a 
maximum, and hence find the radial thickness of insulation 
for a core of diameter ^ in. 

4. The cost per hour of running a ship at a speed of v 

3 

knots is £U -f Find the s P eed in knots which 

makes the cost of a voyage of 2000 sea miles a minimum. 

U.E.I. 

5. Find the maximum value of the function 


2x 3 — 3x 3 — 12x + 18. 

6. Find the maximum and minimum values of 


U.E.I. 


y = 2x 3 + 2'5x 2 — 21x + 8. 

7. Find the dimensions of the cone (a) of minimum 
volume when circumscribing a sphere of radius R, ( b) of 
maximum volume when inscribed in a sphere of radius R. 

8. The power in an electric Circuit is given by EI cos (J>, 


where I 


E 


(.R 2 + o> 2 L 2 )* 


-t and tan <f> 


coL 

R 


L, o and E 


being constants. Find the value of R which makes this 
power a maximum, and the maximum power. 


9. Does the function y = —| + 5x 3 have a maximum or 

oc 

a minimum value ? Find this value. 

10. A beam of length l uniformly loaded has a bending 
moment M at a distance x from the fixed end given by 



2 


o 




function 


& 


is a 


» * 


; the ratio of the back pressure to the 
and n the gas expansion coefficient. 
more than one, for a maximum 



Find the ratio of the pressures for maximum weight of 

gas flow when n = 1*306. U.E.I. 

12. If the stiffness of a beam varies as width times 

depth cubed, find the width of the stiftest beam that can 

be cut from a cylindrical log of diameter 8 in. 

13. A window consists of a semi-circle surmountmg a 
rectangle. Its perimeter is 16 ft. Find its width so that 

it allows the maximum light to pass. 

14. (a) Find the sides x, y oi a rectangle inscnbed in a 

circle of 10 ins. diameter so that xy 2 shall be a maximum. 
(b) Prove that the function 0 5x — log« (x — 1) ^ ^ a 

minimum when x = 3. * *. ‘ 

15 A window is to be made consistmg of a rectangle 

surmounted by a semicircular top of diameter the same 

as the width of the rectangle. Find the dimensions of the 

window if the area is to be 60 sq. ft. and the perimeter is 


to be a minimum. . . 0 

16. For what value of x is (x + l){x — 2 ) 2 a mmimum. 

17* (a) What are the maximum and minimum values ol 
the function VS sin 8 + cos 9 and at what values of 9 do 



a circle has a perimeter of given length l. 
of the sector which has the greatest area. 
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18. Find the ratio of the height, h, to the radius, r, of a 
cone of given volume, V, if its curved surface, S, must be 
a minim um. 

19. A trapezoidal channel with sides sloping at 45° is to 
have a cross-sectional area of 60 sq. ft. Determine the 
dimensions for the wetted perimeter to be a minimum. 

E.M.E.U. 

20. The efficiency of a generator is given by the formula 

EI 

” - EI + P 0 + /*«’ 


where E, P 0 and R are constants. 

Determine the maximum value for tj as the current I 
varies, and express the result in terms of E, R and P Q . 
What is the relation between P 0 and I 2 R when tj is a 
maximum ? E.M.E.U. 

21. If H = 2x 2 -j- 4(10 — x) 2 , calculate the value of x 
for which H has its maximum or minimum value. Find 
this value and show whether it is a maximum or a minimum. 

E.M.E.U. 


22. Find the dimensions of an open channel of rectangular 
cross-section which will have the greatest capacity, the 
channel being made of metal strip 18 ins. wide. 

E.M.E.U. 

23. Calculate the smallest positive value of t for E to be 
a maximum in E — 15 sin IOOtt/ -f 45 cos IOOtt/. 

E.M.E.U. 


24. IfP 


kW 


cos x -f- k sin x 
find x, when P is a minimum if k 


, where k and W are constants. 


3 

4 


E.M.E.U. 


25. The velocity of the piston of a reciprocating engine 
can be expressed by 2-rtnr + si n • If m = 8, find 


the values of 6 between 0° and 360° that make the velocity 
a maximum. E.M.E.U. 
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26. A cylindrical fruit tin is to be soldered up one side 
and around both the top and bottom edges. If the line of 
solder is uniform, calculate the ratio of the height of the 
can to the radius in order that a minimum amount of 
solder shall be used for any given capacity of tin. 

27. Assuming that the power given out by a voltaic cell 

kR 

is given by the formula P = r - | - jg p» where k is a constant, 

r is the constant internal resistance and R is the extemal 
resistance (variable), prove that P is a maximum when 

r = R. 

28. A battery of internal resistance r ohms and electro- 
motive force E volts sends a current through an extemal 
resistance R ohms. The power W watts given to the 
extemal circuit is expressed by the relationship 


W 


RE 2 

(* + ') 


If E 


and 


^ ___ 1-6 ohms, calculate the values 

of *(af ■ R that wiü give the greatest power to the extemal 
circuit, and (b) the greatest power in the extemal circuit. 

29. Assuming that the brightness of a small surface A 
varies inversely as the square of the distance r from a source 
of light and directly as the cosine of the angle between r 
and the normal at A , find at what distance h above the 
centre of a circle of radius a an electric light must be 
placed so that the brightness at the circumference of the 

circle will be greatest. .. - 

30. A gas-holder has the form of a flat-topped cylmder 

without a bottom. Determine the ratio of diameter to 
height for which the surface area is a minimum for t e 

enclosure of a given volume of gas. 

31. If q = P sin 6 cos 2 0, what value of 0 makes q a 

maximum? . , .. . 

32. Find the least angle, if any, for which the followmg 
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expressions are a minimum, the angles being measured in 
radians: 


(a) tan* x — 2 tan x. (b) 4x — tan 3x 


33. The angle of inclination of a pendulum to the vertical 
when the air resistance is taken into account is given by 
the formula 0 — ac ~** cos {nt -j- b), where u, b, ti and k are 
constants. Prove that the angles of greatest inclination 


occur at constant time intervals of — 

fl 

34. Two corridors are at right angles to one another, one 
being 5 ft. wide and the other 4 ft. wide. Find the length 
of the longest ladder which will pass horizontally from one 
corridor to the other. 


35. In a two-stage air compressor the work done is a 


minimum when the value of 


+ i~^) ' s a minimum. 


Pi 


where p x represents the initial pressure, p z the final pressure, 
and x the pressure at the end of the first stage. When this 

is the case show that x — VM- 

36. A tank standing on the floor is kept full of water to 
a depth of 6 ft. Water issues horizontally from a small 
orifice in the side of the tank at a depth h below the surface, 
with a velocity = s/lgh. Find h so that the jet may strike 
the floor at the greatest possible distance from the bottom 
of the tank, and calculate this maximum distance. 

37. ( a) Given y = sin 0(1 4* cos 0), find the value of 0 
between 0° and 90° which makesy a maximum, and calculate 
the maximum value of y. 

(6) Find the value of x at (i) the maximum point, (ii) the 

X 

point of inflexion on the curve y = -j* 


38. ( a ) Find the value of x for which x 2 e* is (i) a maxi¬ 
mum, (ii) a minimum, and calculate the maximum and 
minimum values. 
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{b) The force F exerted by a given circular current of 
radius r on a unit magnetic pole situated on the polar 

axis of the circle is given by F = , a x v jWh> where k is a 

constant and x is the distance of the magnetic pole from 
the centre of the circle. Find the value of x for which the 
force is a maximum, and show that this maximum force is 


equal to 


0-286£ 



CHAPTER XIII 


INTEGRATION 


Some expressions are very difficult to integrate, but the 
expressions which the Student of the present course will 
meet fall into easily recognised types. The Student must 
leam to classify the expression at a glance and then proceed 
to use the method most suitable for that particular form. 


Algebraic Fractions. 



(Vol. III, Ch. 6.) 


Example 1 


. j( 



dx 


j(2x* 


2 . + 3 . ix- 2 



xi 


3 x~ z )dx 




(b) Denominafor of first degree. 


Example 2. 


[J*— 

71 - 2x 


dx 


(^x - 1 


dx 



2 X 4 " 4 + 


1 

4 


2x 



dx 


[by divisionl 



¥ + 4 + i • ^ 


2 


1 


dx 


= — [i* 2 + 4* + i l°g (2* — 1)]. 

(For latter part use following rule.) 

An important rule. If the integral is a fraction whose 
numerator is the differential coefficient of the denominator, 
the integral is log (denominator). (Vol. III, p. 277.) 

This rule is further illustrated in ( e ). 

95 
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(c) Denominator of second degree, breaklng up into 
rational factors. 

(Vol. III, p. 286.) 


We make use of partial fractions. 


Example 3. f. 


1 


2 


dx 



A 


4- 


B 


(3x -f- 2) (x — 1) 


x 1 


Ax-A-h 3 Bx + 2 B. 


A + 3 B — I, —A 4~ 22? — I. 



. A 


A B 

5 1 ° 


B 

X 


3* a 


x 


2 


dx 



4 " 2 



3 


3x 4- 2 


k 


i 


i 


. dx 


dx 


f log (x — 1) — itf l°g (3# + 2). 


(^) Denominator of second degree, not breaking up into 
factors. 

In this case we change the denominator into the sum or 
difference of two squares and use the result: 

(Vol. III, p. 283.) 



dx 
x 2 4 - d 2 


1 , jAT 

- tan -1 - 
a a 


The Student must not confuse this with: 



dx 


x 


a 


1 . x 
log 


a 


2a 


x -j- a 


(Vol. III, p. 288.) 


this being a special case of ( b ), since 


1 


x 


a 


1 

2a 


Example 4. 



dx 


x 2 4" 2« 4“ 


r 1 

1 1. 

LX — 

a x 4" a -J 


f dx 

10 " 

} (F+TpT 3 2 


i to ., 

3 


3 


Compare with the following t 
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Example 5. 



dx 


2 4 - 2x — 3 



dx 


(x -f- 1 ) 


1 . x + 1 
2.2 log 


2 


)% 

— Ä 

X 

-1 


2 * 


^ 1 * 4 * 2 


i lo S* + 3 


(e) A function of an expression multiplied by 
differential coefficient of the expression. 


the 


Example 6 . 


jtyx 2 — 4x + 6 (2x — 4 )dx 
J(x 2 - 4x + 6)i X fa(x 2 -4x + 6 ) 


= £ (je 2 — 4x -j- 6)4. 

_ f 8x-h 2 , fd(4x 2 + 2x — 8 ) 

Example 7. J ^ + 2x <** - J - 4*2 + 2 * - 8 

= log (4* 2 4 - 2* — 8). (Vol. III, p. 277.) 

Sometimes an adjustment has to be made to bring the 
expression into the desired form. 


Example 8 . 



8 % — 3 


2% 2 + 2 * + 1 
4x + 2 


dx 



2(4% + 2) — 7 
2% 2 + 2 % + 1 


dx 


2 k, 

2 log ( 2% 2 -j- 2 % 4~ I) — 7 tan -1 ( 2 % 4~ !)• 



2 [(% 4-1 ) 2 4-i] 


Trigonometrical Functions. 


(a) j si 


sin nxdx 



sec 2 nxdx 



tan nxdx 


cos nx 


n 

1 . 

- tan nx. 
n 



cos nxdx 


sm nx 


n 



cosec 2 nxdx 


1 

n 


cot nx. 


- log cos nx 
n 


1 


cot nxdx = - log sin nx. 

n 


G 



transfonn to first 


sin 8 xdx 




1 


cos 






i* 


1 

2 ^ 




cos 8 xdx 



£(1 + cos 2 x)dx 







x + i sin 2* 



sin 3 xdx 



sin 3 x)dx 


\ 


3 cos# + 




cos 8 xdx 



11 f 3 cos x 


cos 3 x)dx = 4(3 sin x 


sin 3x 

~T~ 



(c) For the Integration of products of sines and cosines 
e the addition formulae. 


(Vol. III, pp. 168, 169.) 


Example 9. 


{a) ( si 


sin 3x cos 2 xdx 


h 


Yo cos 5x 


■| cos x. 


(b) f si 


sin Sx sin 2 xdx 


\ j (cos 6x 



cos 5x cos xdx 


i 


cos 10 x)dx 
Y 2 sin 6x — sin 10x. 


= sin 6x -f- ^ sin 4x. 

[) Powers of a trigonometrical function multiplied by 
differential coefficient of the function. 


Example 10. 

(i a) J sin 5 x cos xdx = £ sin® x. 

(P) J cos 7 x sin xdx = — | cos 8 x. 

Integration by parts. This is a method of great useful- 
ness in many cases when the expression contains trigono¬ 
metrical, logarithmic or other transcendent aJ functi(ms. 

(Vol. III, p. 289,16.) 










d 



(uv) 


dv . du 

»r + v Tx 



Integrating, term by term. 


uv 



dv 

dx 


dx + 



du 

dx 


dx 


or, rearranging 



dv 

dx 


dx = uv 



du 

dx 


dx 


integral 


easier one on the right. 

Example 11. Find j x 4 log xdx. 

Put u — log x, because log x becomes simpler on 

i 1 

differentiating, then ^ = -• 


dv 


So we must put j- = x*, making v 


x 


& 


5 


j log x . x 4 . dx = log x . 


X' 

5 



1 


5 x 


. dx 


log X . 


5 



xHx 


log x . \x* — 
i* 5 (log * — £). 




-v5 


Example 12. Find I x z e^dx. 



Put u 


Put 


dv 

dx 


, du 

^ y a * — 

' * * dx 

= 3# 2 . 

= tf 2 *. v = 

- 

— o C 


By this the first function has become simpler, but the 
second function has not become more difficult. 
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•• / 


x z e 2x dx 


Y 3 i p 2rZ 



ie 21 .3 a 2 . dx 


ix 3 ^ 22 


§ / X 2 ^ 22 . dx. 


It will be noticed that we have reduced the integral to a 
simpler one. The process has to be repeated twice more, 

giving 



2 x 


x^e^dx 


4 


(2x 


2x + 1 ) 


(Vol. III, p. 291.) 


••• / 


x^e^dx 


3 ^ 2^ , 

■|ß 22 (4 % 3 


|ß ar ( 2 A 2 


2a + 1) 


Ga 2 — 6a -f" d). 


Example 13. Find I a 2 sin 3xdx. 



Put A 2 = U. 


du 

dx 


2a 


(simpler) 


Put 


d 


dx 


sin 3 a 


v 


4 cos 3a 


Ja 2 si 


sin 3xdx = x 


| cos 


3a 


- 3 - cos 


3a . 2a 


4a 2 cos 3a 



I / a cos 3xdx . . (1) 


We now evaluate fx cos 3 xdx in the same manner 


Put 


H 

dv 

dx 


x. 


du = dx 


cos 3a 


V 


| sin 3 a 



a cos 3xdx — x . \ sin 3a j \ sin 

— \x sin 3a + i' cos dA 
Substituting (2) in (1) we have 


dx 


. ( 2 ) 



a 2 sin Sxdx 


\x 2 cos 3 a + f [$* sin 3x -b £ cos 3 a] 
4a 2 cos 3a + fx sin 3 a + c° s 3a. 



1 . 


3. 


4x — 3 
4* 2 — 6* -f li 

x *4~ 7 




2 


. 5x* — 2x , 3 — 4% 

5. -ar-s-- 


%X % 


X 


7. 2y/x 


5 

x 5 


9. 


x 


**4-2 


11 . 


8 


1 - 3* 


13. (2 - V*) 2 . 


15. 


6* a -f 2 


V2x 3 4- 2x 


jse. 


— — • 


5 


17. 


19. 


% “I“ 4 
*4-3 
x 4 -f- 1 


x 


8 


21 . 


6% — 5 


3x 2 — 5* 4- 2 


23. 


3x 4- 8 


m 


25. 


x “I - i x -j- 6 


i 


V3 - 2% 


2 


1 


4 


V 8 — 5% 

2 — 3% 4* 1 


x 


x + 1 


6 . 


x 


1 


8 . 


x 2 — 2% 4- 4 
2 % 


x 2 4~ * 4" 1 


10 . 


1 


7 — 5% 4~ * 2 


12 . 


1 3x 2 — 4% 4- 4 

4- 


3% 4- 2 


x 4- 2 


14 


2 % 4-1 


16 


<* - 1 )(* - 4) 
1 4- 3% 4- 5x 2 


\/% 8 


18. 2x(l 4“ * 2 ) 2 . 


20. (4 - 2%)*. 


22 . 


3x 2 4- 2% 


24. 


(x 3 4- x 2 4- l) 8 

1 


(14-*) 


20 . 


x 4~ 1 


2x 2 4- 4% — 6 
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27. 


5a + 4 


(* 


2)(x -f- 5) 


29. 3xV2 — a 2 ~ 


31. 


6 


x 


■\J x 3 


33. (1 


Oy 2 

35. - 


a 2 )(2 

- 7 


3 a 2 ) 


37. 


V 3a 

x + 2 


x 2 + 4x -|- 1 


39. 


3x 4” 1 


2 2x — 3 


a* -f 


41. % V a 2 


a 2 


43. 


A 


A 


2 -4- 1 


4o. 


3 


4 


OA 


28. 


6a 3 — 5a 4- 7 


A 


30. 


4 


32. 


34. 8 


36. 


38. 


40 


42 


46. 


47. Va 2 — 3a 4-7 . (2a — 3). 48. 


2a 2 ■ 

4- 18 

1 — 

3a 3 — A 5 


A 2 

g(3 

5x\* 


2) 

3a 2 

(a 3 - 

_ 2) 2 

1 

1 4- 

9a 2 


1 

A 2 — 

- 4a 4- 3 


x 4- 3 

(A - 

. 1)(a - 2) 2 

(3a 2 

— 2a 4- 7) 2 ( 

1 — 

4a + 3a 2 


X 2 

6a 4- 1 

_ — * 

3a 2 - 

f A — 9 


1 ) 


EXERCISE XIII 



Integrate the following expressions: 


1. sin 2 2 a. 


2 . e ax sin bx. 


3 . sin (j - x) • 

5. cos 3a sin 2a. 
7 . 3 sin (6a 4 " 5) 

9. sin 3 a. 

11. sin 4 a sin 3 a. 


4. 3 sin 2 a cos a. 
6. cot 6a. 

3 cos 2a. 8. a 2 sin 2a. 

10. sin (2xt 4- g)* 
12. 2 a sin 4 a. 



14. cos 8 * 


sin 2* 

13» i— r ‘„i~ ‘ 

1 -f- sin* * 

15. sin 8 *cos*. 

17. cos *(tan * 4- sec *). 

19. 3* 8 cos*. 

21. tan 3*. 

23. cos 2 6*. 


16. a cos * 4- b- sin 2*. 
18. sec 8 6*. 

20. 5 sec 8 (2* + £V 

22. sin 8 (2* -f 3). 


EXERCISE XIII (< c) 


Integrate the following expressions: 


1. e** +i . 

2. e~**. 

3. x*e u (by parts). 

4. e«* — 

5. 3* e 4- £**» 

6. e** — 



7. xe?. 

9. c 8 - 8 *. 




11 . + e- u . 

13. e~** + *. 
15. log,*. 

17. Ttx'e-*. 

19. X* lüge *. 


12. + e 2 + e 3 *. 

14. «** 4- £ -8z . 

16. * 8 log e *. 

18. * 3 log* *. 


EXERCISE XIII (d) 


Evaluate: 


1 . 


0 v2 



3* 


Vx 


dx 


3. 


2 vt 


**4-2 



dx. 


5 . 



10 


dx 


x(x 4- 5) 
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r* 

* / x 
J 0 


9 4 x z . 


11 


13 


15 


17 


/ 4 

■i,“ 

/: 

'tvi 

r4 v2 _ 
^ /. ^ 
r - P-i 

* J 0 V* 

) f 4 —£ 

i, 14 


10 


1)(4 — x)dx 
\/ x 


12 


r 

. / * log 

J\ 

f 2 dv 

• ) l 
r“ dx 

' J.x + 3 


xdx 


4 sv 2 


xdx 

(1 4 x 2 ) 

— 3a; 4 3 

— 3a; 4 2 


dx 

x —{- 3 
dx 

3x + 2 




f z dx 

14 • /, snry 

16. P (1 + 

Jo 


V x 4- 1 


21 


' l 4* 

■ i: q 

f (2 

Jo 


+ x 

4x 


dx. 


20 


4ac 2 — 6a; 4 ^ 


dx. 


. J (14 x) 2 dx. 

/ 5 _ 

—j— 3) x 

f 4 * 4 7 ^ 

• } x 2_ x _ 2 a 


3x 4 2 




3a; 2 — 4a; 4 4 


x 4 2 


J dx. 


V a:) Va;. 


EXERCISE XIII («) 


Evaluate: 

rl-& 

. i cos 4xdx. 
Jo 


TT 

3. f~ cos f 3a; 4 g) 
Jo 

ff 

5. P cos a;^a;. 




2. P cos 4 a;^a;. 

Jo 

ff 

4. P 3 sin ^3 a; 4 g) ^ 

•> o 

ff 

6. “~b sin 


4 sin 3 x)dx. 



9. 


/‘(si 


(sin 2x — sec* x 4 - sin x cos* 


ir 

7; 



10 . 



| cos 2 xdx. 



+ 2 

12. I 4 cos* xdx. 


ir 

4 


«4 

14. i cos* x sin xdx. 


K 


16. 


«r 

I 


(1 — sin x)dx. 


ir 


18. - f w A* sin* taxdx. 

ic / 




20. ('(cos 2x -f- £jdx. 

'0 

| ^ 

22. j 5 4 cos ( 2x + ^ dx 


24 



9 

2 


sin* x cos xdx. 


o 


26 



9 

1 


x cos xix. 


11 . 



sin 4x cos 2xdx 


n 

4 



13. f 4 sin 2 x cos xdx 


9 

£ 


9 


17 


. f' 6 ( 2 

•'o 

• S) sin * I 


cos 3x 4- 3 sin 2 x)dx 


xdx. 


19. 



+ “ 


sin x cos xdx 


9 

2 


9 


21 


./v 

J o 


sin x)dx. 


23 


2«r 


5 sin* (2x — <f>)dx. 


(i 


j; 


25. P (cos* * 4~ cos 2x)dx. 

*o 


0 
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EXERCISE XIII (/) 


Evaluate: 


1-4 

1. I {S\/x -f- 4C r )dx 

1-2 




O 


r:x 2 "6~ x dx. 


5. 



00 


e~ 2x dx. 


0 



i 


7. I e** x dx. 


o 



l 


1). / e ix dx. 


o 


11 . 



- 1 dx 


o 


1 


2x 


13 


i 


l dx 
x 


15 





dx 


2. / (<? x 4- e~ 2x )dx 


* > 


4. 



5e~ 2x dx 


6. I (a + be cx )dx. 

J n 


0C 


8 . 


~ Kl 

£ "I 
o R* 


d\f • 


10 . 



2 0 


i 


x 


dx. 


/ 


12 . 



^ log x'dx 


14 


X log xdx 


frl 


10 



’lX 


3 


x 


2 


3x 


9 


dx 



AREAS 


The Student should read Vol. III, Chapter 12, where it is 
shown that the calculation of an area depends on the 


evaluation of a definite 
integral. On page 213: The 
area of the figure ABED 

= j*f (x)dx =/(») —f[a) 

f b 

— I ydx. 

J a _ 

Occasionally it is necessarv 

to change the variables 
from x to y and y to x. 

Thus, the area of the 

figure PQRS 

= ff ( y)dx 

J s 

= AP) - A s ) 




Fig. 13. 


Example 1 . Find the area between the curves y = x 2 + 6 
and y + x = 12. 

By plotting values of x and y for each of the curves, 
we see that their shape is as shown in Fig. 14. 

We next find the points of intersection of the para- 
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bola and the straight line. 
y = x 2 -f- 6, y = 12 — x. 

12 — x = * 2 + 6. 

* 2 + x — 6 = 0. 

(* + 3)(*-2)=0. 
points of intersection 
are at x — — 3 and x — 2. 

The area between the 
curves = area APQB — 
area APRQB. 



Area A PQB 





2 

-3 


= (24 — |) — (— 36 — |) = 62| sq. units. 


Area APRQB = ~(x 2 -f 6)dx = 

J —3 



n 

i) 


= (f + 12) 

Area between curves 


2 7 


(- 
62| 

20f sq. units. 


18) = 41| sq. units. 


41# 


Example 2. Find the area between the two parabolas 
y 2 = 20x and x 2 = 16jy. 

The sketch is roughly drawn either by plotting or by 
using ones knowledge of the general shape of parabolas. 

We next find the point 
of intersection P bv 
solving the two equations 
y 1 — 20# and x 2 = 16 y. 

y = \/ 20x. 

/. a : 2 = 16 . V2Öx. 

x 4 = 16 2 .20*. 

/. x 3 = 256 .20 = 5120. 
x = 5120. 

Area between the curves 

= OAPB = area OAPQ — area OBPQ. 










/. Area OAPB = V2Ö. f. V5120 - 

= 106f sq. units. 


Example 3. Find the area between the curves y = sin 0 

Tt 

and y = cos 0 between the limits 0 = 0 and 0 = s’ 

ABC is the area re- 
quired, and this is made 
up of area ABD 4- area 

BCD. 

The point B is found 
by solving y = sin 0 and 
y = cos 0, 

i.e., sin 0 = cos 0. 0 = -y 



Area A BC 
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^8 


Example 4. Find the area cut front the circle x 2 + y 2 

by the farabola y 2 — Sx. 

The area required is 
OPRQ. Since this is 

symmetrical about OR 
we find area OPR and 
double it. 

To find the point P 
solve x 2 y 2 = 9 and 

y 2 = 8#. 


* 2 -f Sx — 9 = 0. 



9 


(x 4- 9) (* 


1) 


0. 


Fig. 17. 


X 


9 or x = 1. Clearly P is at x = 1. 


Area OPR = area OPS 4- area SPR 




/ 's/Sx . dx 4 


J 


0 


v» 

i 


x 2 . dx 


[V-8 • 1 *•]* + G Vö “ + S Sfa - 1 ll 


2a/8 


9 


F+[i V9 _ 9 +I sin ‘‘ l]-[4 Vö11 i sin 


9 . ,3 


1 


9 . il 



4\/2 9 s 

~ 3 "~ + 2‘2 


Vs 

~2~ 


9 . ,1 

2 . sin- 1 ^ 


8 V2 9^ 

Area OPRQ = 2 area OPR = -4- 4- 


3 


2 


VS — 9 sin -1 ^ 


Example 5. Find the area of each loop of the curve 
x — a cos 6, y = b sin 26. 

x — a cos 0. dx — — a sin 0 . dQ. 

When x = 0, 0 = 5 . When x = a, 6 — 0. 




Example 6. Find the area between the graph of pH* = k, 
Ihe axis of v, und the otdinates 


v 


iq and v — v 


v 


pv v = k is the adiabatic 
equation for a perfect gas. 


P 


k 

v v 


Area under curve between 


v 


v . and v = v, 



V 


r 


P . dv 


X' 


k 



.dv — k 


/V 


y. dv 


v i 


V 


V . 


k 


p t>-y + 1 - 

«’• k 

1 l-i 

L-y + lj 


-v 2 y - 1 v x y - ij 


kpi _ v~i] -5- (r -») 

r ti'-'i _ -[ 

LVjV -1 r 2 v - 1 J 

i»i — #v> s ) 


- (v - 1) 


(r- i) 
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EXERCISE XIV 


1. Find the area under the curve y 2 = 4 ax from x — 0 
to x = \a. 

^ and the liney = x + 4 


x 

1 to a: 


5. Find the area 


2. Sketch the curve y = 

on the same axes from x 
between the curve and the line. 

3. Find the area enclosed between y — x 2 — x 3 and the 


#-axis. 


4. Find the area under the curve y 


1 

x' 


between the 


ordinates at x = a and x = b. 

5. Find the area bounded by the tf-axis and that portion 

of the’curve y — x 2 — 3x + 6 between the ordinates x — 0 
and x = |. 

= (3 — #)(1 x). 

= a{2a — x), and 


6. Find the area above the x-axis of y 

7. Sketch the curves ay % = x 3 and y 2 


find the area enclosed between them. 

8. Sketch the curve ay 2 
of the loop. 


4:X 2 {a — x), and find the area 


9. Draw a rough sketch of the curves y = \x and y 


X 


Find the area between the curves in the first quadrant. 

10 Find the area under the curve x % = 16 — 2 y from 
= (> to * = 4. E.M.E.U. 

11. Find the area of each loop of the curve x — a sin 20, 
b cos 0. 


x 


y 


12. Prove that the area enclosed by the curve 


v 


a 


bx + cx 2 , 


the %-axis and the ordinates at x 


h and x — h, is 


2 h(a -p ich 2 ). 

Hence show that this area is equal to h{y 1 + y 2 ), where 
yi and y 2 are the ordinates of the curve at the points 

— h h 


x 


V3 


and x 


-~y=, respectively. 


I.E.E. 




14. Find the area of the Segment of the parabola 
y = 2 + x — x* cut off by the x-axis. 

15. Find the area included between the curve whose 


equation is x*y * x* + a% > the aus of x and the ordinates 
x =* a, x = 2a. 

16. Determine the area bounded by the curve y *=* 9 — x % 
and the x and y axes. 

17. Determine the area enclosed between the graphs 
y ss x* — Ix + 10 and y — — x + 2. 

18. Sketch that part of the curve y — Sx — fx a which 
lies above the axis of x, and find by integratiön the area 
between the curve and the axis of x. 

19. Find the area of the figure bounded by the curve 
y = e ix , the axis of x and the ordinates x = 1 and x = 2. 

20. Plot the curve y = 3 sin x — sin 4x from x = 0 to 
x = 7t, and find by integratiön the area between the curve 
and the axis of x. 




CHAPTER XV 


VOLUMES 

The method of finding the volume of a solid of revolution 
is explained in Vol. III, Ch. 12, pp. 217-220. § 4 shows 

that when the curve y — F(x) is rotated about the x axis 
between the limits * = a and x = b the volume traced out 

r b 

=i * y dx - 

a 

Some students are confused when a curve is rotated 
about the y axis, so we will consider the revolution of the 
curve x — F(y) about the y axis. 



Fig. 19. 



The rectangle xdv, when rotated about OY, will describe 
a cylinder whose volume is -ix 2 dy, so that the required 

volume generated by PQRS is given by 

V — J ixx 2 dy 

S 

where OS = s, OP — P- 
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VOLUMES 

Example 1. The common pari of ihe two parabolas 
* sss 4 ax and x* — 4 ay 


y• s t tax ana x~ — 4 ay rotates about the 
the volume of the solid formed. 

The part common to 
the two parabolas is 
OAPB. To find the 
point P: 

Solve 

y* = 4 ax and x* = 

Put 




4 ay 


y*: 


4 a 


in x 2 — 4 ay. 


Then 


V* 


16a 2 


* # 


y 


3 


4 ay. 
64a 3 . 


X 


Fig. 20. 

y = 4a and # = 4a. 


Volume formed by revolution of OAPB = volume formed by 
revolution of GAP — volume formed by revolution of OBP. 


SA “ w 

I *• 

f * II 


4a#. i# 



4a 




16a 2 


. dx 



4a 


2 


* 


*5 


4a 


5.16a 2 _J 0 


tc 2a . 16a 2 


* [ 2 
32ra 3 [ 


4 6 a 5 


5.16a 2 


1 


2 



96ra 3 


cu. units. 


Example 2. Find the volume generated by rotating about 
the x-axis the part of the curve xy — 4 between the ordinates 
x = 1 and x — 4. 

The volume of an elemental cylinder of radius y and 
height dx — r.yHx. 
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0 ♦ 


Volume required 

x = 4 


Tcy 2 dx 



X = 

* = 4 




* = 1 


= 16tc 



4 dx 


X 


1 


167t 



16 



4 



X 


12 tz cubic units 


Example 3. Find the volume formed by the rotation oj ihe 
loop of the curve ay 2 = x(x — a ) 2 about the axis of x. 

On examining the 
equation of the curve 
we see that there 


can be no negative 
values of x(x — a ) 2 , 
that the curve cuts 
the %-axis once at 
= 0 and twice at 


au 2 Ä x(x-o) 


X 

X 



a. 


Volume of loop 



X =■ a 


Fig. 22. 


t:v 2 . dx 

•/ 



x = 0 

x = a 


x(x a ) 2 , 

71 , - • w*v 

a 


x = o 
a 


71 

a 



(% 3 — 2## 2 -f- a 2 x) . dx 


0 


Ti ra 


a u 4 

rta 3 


3 ^ 2J 


12 


cubic units. 



Exampfe 4. The atme y* = a* cos 
the x-axis. Find the 


»© 




im 


and x = 4* Ka - 
y aas 0 whcn cos 


2a 


0 , 


i.e. when 


2a 


^ 2 ’ 


i.e. when x = ± im. 
Volume traced out by 


curve 







-f- na 

a 2 cos 


— na 







Example 5. Find the 

volume form cd by rotating 
the figure x i + y i = a i 
about one of the axes. 

The curve is sym- 
metrical with respect to 
x and v and cuts the 
axes at x = a, y = a. 
Also, there can be no 
negative values of x or y. 





Fio. 24. 
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V olume 


I ity‘dx 
J o 

I n . (a* 

n f a (a 2 - 
tc fa 2 x — 

*[*’- 


x*)*dx . 


4 a”x* -f- 6 ax — 4a*x- -f* x 2 )dx 


8 * n i n o ^ i ä . X 3 ~l a 

75 a*#* -j- 3a# 2 — ■= a*x'- -f- ^ 
o o o Jo 

f 0 3 -f 3a 3 — f a 3 -f- 4-1 


» 3 . Ä I 

5* + 3"J 


TZU* 

Tö* 


Example 6. The curve y(3a — 2x) 2 
the x-axis. Find the volume between x = 


- a 3 rotates about 
0 and x — a. 


Volume of solid of re- 
volution 


Y 


/ x — a 

ny 2 dx 

* = o 


f 0 a 
*J (3a- 


2x) 


dx ^ 


. a 


y - a 


na 


ß r d(— 2 x) 

2J (3 a — 2xY 

O 

n a 6 r 1 


o 


x. = a 


X 


Fig. 25 


:a 6 r 1 x 3 "1* 

r L~ § (3a _ 2 *) J 0 

:a® r 1 . 1 1 

2~ L 3a 3 ' 81a 3 J 
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EXERCISE XV 

1. Find the volume of the solid obtained by rotating 

— x % lying 


about the x-axis the part 
above the x-axis. 

2. Find the volume of 


curve 



obtained 


by rotating 
* between 


x 




about the x-axi§ the area under the curve y — 

the ordinates at x = a and x — b. 

3. Find the volume of the solid formed by rotating about 

the x-axis the part of the curve y = x(2a — x) between 
x = 0 and x = \\a. 


The 


3 sin 2x between x = 0 and x 


IC 

6 


rotates about the x-axis. Find the volume of the solid 


formed 


3 


5. The portion of the curve y = x* -f - lying between 

x — 1 and x = 2 is given one revolution about the x-axis. 

Find the volume of the solid formed. 

6. Find the volume of the solid formed when the curve 
ay 2 = 4x 2 (a — x) rotates about the axis of x. 

7. The area enclosed between the curves ay * = x 3 and 
y 2 = a(2a — x) is rotated about the x-axis. Find the 
volume of the solid formed. 

8. Find the volume produced when that part of the 


ellipse ^ 


25 


0 


1 between x = 0 and x = 5 rotates 


about the x-axis. 


N.C.T.E.C. 

0. A spherical cap or segment of height h is cut from a 
sphere of radius R. Prove that the volume of the segment 
. ~h 2 


is 


3 


( 3 R - Ji). 


'TM 

The 


sin x that lies between x 


7C 

4 
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and ~ is rotated about OX. Find the volume of the solid 

o 

so formed. 

11. Find the volume of the solid generated by the 
revolution about the x-axis of the area enclosed by the curve 
v — '2x/x, the x-axis and the Ordinate at x = 4. I.E.E. 

*■ r 

12. If the curve y 2 = 4x is rotated about the x-axis, find 
the volume of the solid generated between x = 0 and x = 4. 

E.M.E.U. 


13. Find the volume of the solid formed by revolving 

1 

the area between the curve y = ^ anc ^ th e lines y = 1 and 


x 


y = 4 about the y- axis. 


E.M.E.U. 


14. Find by Integration the volume of a cone of height h 

and base radius r. E.M.E.U. 

15. The area under the curve x 2 = 16 — 2y from x = 0 
4 is rotated about the x-axis. Find the volume of 

E.M.E.U. 


to x 


the solid so formed. 

16. Find the volume of the solid formed when the curve 


y 


X 


6 


x -f 1 

0 and x 


is rotated about the x-axis between the limits 


5. 


E.M.E.U. 


17. Find the volume of the solid formed by the revolution 

about the x-axis of the curve y = 9 — x % . 

18. Find a formula for the volume of a sphere by con- 

sidering the rotation of the semicircle, whose equation is 
x 2 y 2 — r 2 } about the x-axis. 

19. Find the volume of revolution when the curve 


V 


sm x 


between the ordinates x = 0 and 


x 


TZ . 

9 15 


rotated about the x-axis. 

20. Determine by means of the calculus the volume of 
part of a sphere of radius 10 ins. bounded by two parallel 
planes distant 3 ins. and 7 ins. from the centre of the sphere, 
both planes being on the same side of the centre. 



CHAPTER XVI 


y 


CENTRE OF GRAVITY 

Example 1. Find the centre of gravity of the arta 

— x* the axis of y and y — 1. (See Vol. III, Ch. 13.) 

% 



Area of OA B 


Ay 




Ax 


* X 

mm ^ 


,V- 1 

=/ y h dy 

= / xdy - 

mM | | 

r3 n 1 

V 

3 dy 

' 4 

= U y I = 

/y « 1 

= / xydy 

y » 0 

II 

r3 n 1 

3 ' 

= Lt^Jo = 

' 7 

3 . 3 

4 

^ ( 

“74 

1 

ij V 

= / xdy 


y wm 0 


rl 3 . 

ll l 3 

ä u i-s-y 

Jo " 10 

_ 3 . 3_ 
10 * 4 

2 

= -• 

5 ' 





x 


Fig. 26. 


(Vol. III, p. 238 (2)). 


(Vol. III, p. 238 (1)). 


Thus the centre of gravity is at the point Q, ^. 


Example 2. Find the centre of gravity of the area between 
the curve xy = a 2 , the axis of x and the ordinales at x = b, 
x = c. 
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£ 

Area under curve between x — b, x — c 




(Vol. III, p. 238 (1)). 





(Vol. III, p. 238 (2)). 


a z (c — b) 
2 bc log | 


Example 3. Find the Position of the centre of gravity of 


a quadrant of an ellipse. 
Let the equation to the 


ellipse be 





Then 





CENTRE OF GRAYTTY 


Area of quadrant 


/ X «» a 

ydx 

x« 0 


'G 


* - x*)*. ix 


i + 5 ^ ? 


Ä 


0 


6 ™ . 0 + ^ . sin- 1 1 - 0 - Y sin- 1 o] 





2 


b a* n nab 


d‘ 2 *2 


4 


If the co-ordinates of the centre of gravity are x and y 
Ax — j*y . x . dx — J ~. (a 2 — x 2 )*. xdx 


0 



By interchanging x and y, a and b we see by analogy that 


46 



Example 4. Find the centre of gravity of the solid formed 
when the portion of the parabola y — x 2 — 4x -f 6 between 
x = 1 and x = 4 is rotated about the x-axis. 
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Volume traced out by rotation of APQB 


f nyWx aas 7t ^(«» — 

- 4x 4* 6) 2 dx 

'* = i 7 i 

i 


tc/(#* — 8# 3 -f- 28# a - 

~~ 48x — f-* 36) dx 

1 

rx b „ 4 28* 3 

"Ls + ~ 

■ 24x 2 + 36#J 

30*77. 




The centre of gravity of the solid of revolution lies 
AB by symmetry. 



— tt r (x a — 8x 4 + 28x 3 — 48x 2 + 3 6x)dx 

•'j 

= w ^ + 7x* - I6x 3 + 18**]‘ 

= 92 * tc. 

92* w _ 92* 7t 
~ V ~~ 30* 7t 
= 3 * 





+, 


PQ 


y = 6 + ix. 


The volume of the cone 


CENTRE OF GRAVTTY 

Example 5. Find the centre of gravity of the 
a solid right circular cone, 
the radii of its ends being 
8 ins. and 6 ins. and its 
length 12 ins. 

The slope of PQ is 

Ä = £• 

Thus for any point on 





Y 

P. 

M 

6 

* 

V 


0 

^ i t 

C-.- 12 


0 


;,. T 

V i 


8 


X 


Fig. 30. 



By symmetry y — 0. 

/ *- 12 

r.y^dx . x 

*- o 

= nj ^36x + 2x 8 -f- ?£ßjdx 

r 9 y^ — 11 - 

“ n [ 18 * 2 + ~T + ml = 3888 *- 

. . _ 3888tc 

*' * “ 592tc 

= 6|y ins. from smaller end. 

Example 6. Find the centre of gravity of the solid formed 
by the rotation about the y axis of the curve y = \/x between 
y = 0 and y = 3. 
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Volume of solid of revolution 



By symmetry x = 0. 



Fig. 31. 




Example 7. Find the centre of gravity of the solid formed 
by the revolution of the curve y — e? about the x-axis between 

the ordinates x — 0 and x — 2. 

The volume of the solid of revolution 



By symmetry y — 0. 


Fig. 32. 



CENTRE OF 




Vx 



t 



m ^ 11,1 "* 


% *» 0 



dx. 


To evaiuate J x . e**dx we use tue metnoa oi 
by parts. 

Now ju. jß . dx — uv — jv . ^ . dx 



put u = x and 


e u dx 


dv 

dx 


e **, then 



/ 


du 

dx 


1. V 


e 


2* 


dx 


X . e 


2z 


• » 


Vx 


x f x 


. e**dx 



e 


2 

2z 


2x 

4 


,2z 

4 


{2x - 1) 


4 


(2*-l,T=^ + 


4 


* 


3tf 4 + . e 4 — e° 


4 


2 


3c 3 4 5 -(■ 1 
2(e* — 1)‘ 


EXERCISE XVI (a) 


1. Make a rough graph of that part of the curve 
y — 10x ~ 5x 2 which lies above the %-axis, and find by 
integration the position of the centroid of the area bounded 
by the curve and the axis of x. 

mm 

2. Show that the distance of the centroid of the area 
contained by the curve y = ax n , the x-axis and the Ordinate 

n -f* 1 


x 


h, is at ——- h from the y- 

ft “j“ 4 m 


axis. 


3. Find the position of the centre of area of an isosceles 
triangle of base b and height h. 

4. Find the position of the centroid of the area bounded 
by the curve y — 2\/ x, the axis of x and the Ordinate at 
x — 4. 

5. Find by integration the area bounded by the curve 
v = V3#, the axis OY and the line v = 6. 
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Find also the x co-ordinate of the centroid of this area. 

6 . Find the position of the centre of area of a semi¬ 
circular lamina. 

7 . The parabola y 2 = 8x has a double Ordinate drawn at 
x — 5 . Find the position of the centroid of the area. 

8 . Find the position of the centroid of: (i) the arc; 

(ii) the area, of a quadrant of a circle. 

9. Find by Integration the area enclosed by the *-axis 

oc ^ 

and the curve y — 2 — -j-. Find, also by Integration, the 

position of the centroid of this area. 

10 . The curve y = ax 2 + bx + c passes through the points 
( 0 , — 5 ), ( 1 , 0 ), (— 1, — 6 ). Find: (i) the value of the 
constants a, b, c ; (ii) the centroid of the area bounded 
by the curve, the #-axis and the ordinates x = 1 and x = 3. 

11 . Find the centroid of a figure formed by a semicircle 
of diameter 4 ins. and an isosceles triangle of base 4 ins. and 
height 3 ins. standing on the straight side of the semicircle. 

EXERCISE XVI (b) 

1 . (, a ) A solid is formed by the revolution about the 
v-axis of the area enclosed between the curves y = 2 + 

y — and the ordinates at x — 1 and x = 4. Find its 
volume. 

( 6 ) Find also the centre of gravity of the solid. 

2. A solid of revolution is generated by rotating the 
portion between x — 0 and x = 4 of the parabola y 2 8 # 
about the v-axis. Find where on the v-axis the centre of 

gravity of the solid lies. 

3 . Find: (i) the volume; (ii) the centre of mass of the solid 
formed by rotating about the #-axis, the area of the parabola 
y 2 __ 4 # — 8 between the limits x = 2 and x = 4. 



CENTRE OF GRAVITY 

4. Find by Integration the position of the centre of 
gravity of the frastum of a solid right circular cone, the 
radii of its ends being 10 ins. and 8 ins. and its length 15 ins. 

5. A solid is formed by the revolution about the x-axis 
of the area enclosed by the curve y * 2Vx, the x-axis and 
the ordinate at x = 4. Sketch the solid and find its centre 
of gravity. 

6. The part of the curve y — x(2a — x) between x = 0 
and x — l \a rotates about the x-axis. Find the volume 
and the position of the centre of gravity of the solid thus 
formed. 

7. Find the position of the centroid of a solid regulär 
tetrahedron, i.e., a pyramid on a triangulär base all of 
whose faces are equilateral triangles. 

8. Find the volume of the solid of revolution formed 
by rotating about the x-axis the area under the curve 
x* = 16 — 2 y from x = 0 to x — 4, and hence find the 
distance of the centroid of this area from the x-axis. 

E.M.E.U. 


9 . A rod 30 ins. long, of circular section, tapers uniformly 
from a diameter of 4 ins. at one end to 3 ins. at the other. 
Find the distance of the centre of gravity from the thin end. 


10 . The portion of the curve y = x 


3 

+ - lying between 

X 


x — 1 and x = 2 is given one revolution about the x-axis. 
Find the position of the centre of gravity of the solid formed. 

11. A solid is formed by rotating the area between the 
parabola y 2 = 4ax and the x-axis, about the x-axis. Prove 
that the centre of gravity of a length ‘b ’ of this solid is 



12 . Find the position of the centre of gravity of the 
trumpet-shaped solid formed by the revolution of the 

curve y — e 2 * about the x-axis between the ordinates x = 0 

and x =» 1. 

i 



CHAPTER XVII 


MOMENTS OF INERTIA 

Example 1. Find by Integration the moment of inertia oj 
an isosceles triangle of base 8 ins. and height 10 ins. (a) about 


its base, (6) about its centroid. 

Let the surface density of 
its total mass = |p bh y 

= M lbs. 

i N 

If the semivertical i 

i h ! 

angle — a, tan a = • 


(See Vol. III, p. 250.) 

the triangle = p. Then 


lu.ii 1 

Taking a small element- 
al strip of height y and 
thickness dx and distant 
x from 0, we have 


b 


<- x -> 


O dx 


X 


tan a 


_ 

h — x 

y = 

h — x 




h 




Fig. 33. 


2h 


y 


2h 


(h 


x). 


The mass of the double strip = 
Its moment of inertia about OY 


2 ydx . p = (h 


x)dx 


b? 


(h — x)dx X 


x 2 . 


(a) Moment of inertia of triangle about OY 
— f ~ {h — x)x 2 dx 

X = ) 


bp 

h 


f 


x 3 )dx 


bp 

r& 4 

A 4- 1 

h 1 

_3 

" 4 J 


bh % 

12 


\pbh . 


h 2 


M 
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Now h = IO". 


# * 


I = M 



6 


16| M Ibs. ins.*. 


(b) By 
U = l- 

from OY 

' ln 



the theorem of parallel axes (Vol. III, p. 

Mh\, where tu = distance of centre of gravity 


\h 


100 





.ins. 


s 


Example 2. The parabola y 2 == 8x is rotated about the x- 
axis between x = 0 and x = 8. Fmi äs radius of gyradon 
about this axis. 


Let the 


per unit volume be p. 


Volume of paraboloid 



h 


ny 2 dx 


X * '» 

* 



8« . rfx 


U 


2-iS 



y * 8x 


X 


Fig. 34. 


—•■ei: 

= Tr. 256 cu. units. 

mass of paraboloid 
= 256pn units = Al. 

The moment of inertia of a circular disc about its axle = 
mass x * (radius) 2 . (Vol. III, p. 255.) 

.*. moment of inertia of elemental disc about the x-axis 

== *y 2 dx . p . \y 2 == \npy 4 dx 

.*, moment of inertia of paraboloid 

^ r s 

= 1 = 1 ^7tp y*dx = I np . 32 x 2 dx 

x - 0 A. 

= 32 np r 


*_ 3 Y 


^ . 8 3 .327rp units. 
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Now M 


* * 


256p7c. 

8^. 32tc P 
3 


X 


M 

256p7r 


64 


M 


fc 4 


radius of gyration 


J 


64 8\/3 


units 


Example 3. Find the moment of inertia of a cone about its 


axis of figure. 

Let the height of the 
cone = h and its semi- 


Y 


vertical angle = a. 

Radius of elemental slice 
= x tan a. 

Volume of slice 
= Ttx 2, tan 2 a dx. 

Mass of slice 

= tzx 2 tan 2 a . dx . p. 


cX 


y^xtanx 


o 


X 


-h - - -4 


FiG. 35. 


Moment of inertia of slice about its own axis 

= mass X i (radius) 2 
= nx 2 tan 2 a . dx . p X \x 2 tan 2 a 

= ^npx 4 tan 4 a dx 

■ moment of inertia of whole cone 


I = f 2 Ttpx 4 tan 
J \) 

r^-np tan 4 a. ~ J 
1*0 7tpÄ 5 tan 4 a. 


^ 7 c(radius) 2 . h = tan 2 a. 


Now volume of cone = ^7c(radius) 2 . h = 
* mass of cone = in?h 3 tan 2 a = 1 

, , r M 

1 = tan a X i^ A 3 ta n' 2 a 


M (say). 


i^MÄ 2 tan 2 a. 



1 . 


that 





mass m, length 2x about an axis 
end and perpendicular to its lengi 



y 



m 





2. A door is 6 ft. 3 ins. high, 4 ft. wide and ins» thick. 
Find by integration the radius of gyration of the door about 

an axis along the iine of hinges. 

3. Find the moment of inertia of a quadrilateral ABCD 

about the side A B, given that the lengths of the sides AB, 
AD, DC are 6, 8 and 9 ins. respeetively, and the angles 
BAD, ADC are right angles. U.L.C.I, 

4. A plane figure ABC DE consists of a triangle ABE 
and a rectangle BCDE drawn outwards on the base BE. If 

— 90°, side AB = side AE, side CD — 6 ins., 


angle BAE = 
and side DE 


find the moment of inertia of the 

U.L.C.I. 


figure about the line Bk.. 

5. Find the moment of inertia of a thin rectangular plate 
of length 8 ins. and width 5 ins. about an axis in its plane 
bisecting the longer sides. The mass of the plate is 2 lb. 

6. Find the moment of inertia of an equilateral triangle 
of 10 ins. side about a pole passing through its centroid and 
perpendicular to the plane of the triangle. 

7. Prove that the second moment of area of a triangle 
A BC, in which BC = a and the altitude from A to BC is h, 


base 


ah z 

4 


and 


deduce that the seeond moment of area about a parallel 

a ^3 

axis through the centre of gravity is • 

8. What is the second moment of area of an isosceles 
triangle, base 10 ins., perpendicular height 12 ins. about an 
axis through its centre of area and parallel to its base? 

9. Find the second moment of area of a circle of radius 
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R about an axis perpendicular to the plane of the circle 
and passing through the centre, and from it derive the 

. 2 R 

second moment of area about a parallel axis - 5 - units from 
the first axis. 

10. An eccentric sheave consists of a cast iron disc 11 ins. 
in diameter and 2\ ins. thick having a hole 3 ins. in diameter. 
The axis of the hole is 3 ins. from the centre of the disc. 
Find the moment of inertia of the sheave about the axis of 
the hole, taking the density of cast iron to be 0-26 lb. per 
cu. in. 

11 . Find by integration the moment of inertia of a sphere 
of mass M and radius R about an axis passing through its 
centre. Calculate the moment of inertia of a sphere 3 ins. 
in radius, of density 0*28 lb. per cu. in. about an axis 4 in. 
from its centre. 

12. Find an expression for the radius of gyration of a 
hollow cvlinder about an axis through the centre of gravity, 
perpendicular to the longitudinal axis. Assume the bore 
of the cvlinder to be d, the outside diameter to be D and 
the length to be /. 

13. Prove that the moment of inertia of a solid about 
any axis is greater than that about a parallel axis through 
the centre of gravity by Ma 2 , wliere M is the mass of the 
solid and a the distance between the axes. 

A cylindrical rotor of diameter 18 ins. has cight cylindrical 
holes of diameter 3 ins. drilled parallel to its axis, their 
centres bcing ecjually spaced on a circle of diameter 1 — ins. 
Find the radius of gyration of the rotor about its axis. 

14. Find by integration the moment of inertia of a 
cylinder about its axis if its radius is G ins., its length 6 ms. 

and its density 0-30 lb. per cu. in. 

15. Find the moment of inertia of a solid light cinulai 

cone of height h and base radius r about (a) a diameter of its 
base, ( b) an axis parallel to this diameter through the veitex. 



MOMENTS OE INERTIA 



16. Find the moment of inertiä of a cone aboüt its 
geometrical axis. 

17. (a) Find from first principles the moment of inertia 
of a circular disc of mass M and radius r, about an axis 
through its centre perpendicular to its plane. 

(b) Apply your result to find by Integration, the moment 
of inertia of a right circular cone of height 7 ins., radius 
5 ins. and density 0*28 lb. per cu. in. about its central 

vertical axis. 

18. The dimensions of a cone are: height 16 ins., dia- 
meter of base 8 ins., mass 20 lb. Determine the moment 
of inertia of the cone about (i) the axis passing through 
the apex and perpendicular to the base, (ii) the axis 
perpendicular to that in (i) and passing through the apex. 

19. Find the radius of gyration about a diameter of its 
central circular section of the solid formed by rotating the 

/y2 

ellipse ~2 -fp — 1 about the *-axis. 

20. Determine the moment of inertia about its axis of 
the solid of revolution formed by rotating the parabola 
x 2 = 4 y about the %-axis between the limits x = — 2 and 
x = -f* 2. 

21. A solid is formed by revolving the area between the 

1 

curve jy = -j and the lines y — 1 and y — 4 about the 

oc 

jy-axis. Find its moment of inertia about this axis. 

E.M.E.U. 

22. A section of a solid is in the form of the plane figure 

bounded by the curve xy — 10, the axis of x and the 
ordinates at x = 1 and x = 5, all lengths being in inches. 
Find the moment of inertia of the section about the axis 
of y. U.L.C.I. 



CHAPTER XVIII 


MEAN VALUES 

Example 1. Find the mean value of 10 sin 250/ as t 
increases from 0 to toö^- (See ‘ Mean Values/ Vol. III, 
p. 223.) 

The mean value of f{x) between x — a and x — b 

1 fb 

= frZTa / f{x)dx rVol. III, p. 224.J 

J a • 

mean value of 10 sin 250/, between 0 and roö* 


1 0 0* 


77 

2~W 


10 sin 250/ dt 


100 


. 10 


•[ 


cos 250/~i 10 J 

O \ 1 . 


1000 
250:r 


cos 0 


5tt 


COS 


4 

~[1 

TZ 


0] 


Example 2. 

parabola y 2 = 


Mean value 


Find the mean value of the ordmates of 
4ax from x = 0 to x = 4«. 


/Ä£ 








4a 


1 
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OP = 2r cos 8. 



Example 4. An dectric current is given by the expression 
i = / sin 8. Find the root mean square value of the current . 

At any instant »* = J* sin* 8. 

The mean value of i % between 8 = 0 and 8 = 2n 


1 

2itj 

1 /* sin* 8 . dO = 


— cos 20\ 
2 ) 


a - o 

0 


I* 

r sin 20~i 2,f /* i 

L® - -JT _L = s 1 

1 1 

n 

i 

o 

1 

-o + o] 

4rt 

/* 





2 

R.M.S. value = 

EXERCISE XVIII 



1. Show that the average value of sin 8 between the 

n 2 

limits of 8 = ^ and 8 = 0 is — Show also that the average 


2 


ic 
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value of sin 2 0 between the same limits is What is the 
average value of 0 between the same limits? 

2. Find the inean value of sin 20 between 0 = 0 and 



3. (a) An alternating current is given by the equation 
i — 1 sin 'Ir.ft; show completely that the root mean square 

/ 

of the current is — 

V'2 

(b) Draw the graph of the curve y — 3 sin x + sin 3x 
between the limits oi x — 0 and x = -k. Find the mean 
value of y, the maximum value oiy, and the ratio of the mean 
value to the maximum value, between the given limits of x. 

4. ( a ) The instantaneous value of an alternating current 

in amps is given by i — 20 sin co/ -}- sin 3o )t. Find the 

7"C 

mean value of the current over the ränge t = 0 and t = 2-, 

(b) For the harmonic curve y — 4 sin x, find the root 
mean square value over the ränge x = 0 and x — tz. 

5. ( a) Find the mean value of * sin x from x = 0 to 



(b) Prove that the ratio of the mean value to the maxi¬ 
mum value of the function 7#(10 — x) is f, taking the 

ränge from x = 0 to x — 10. 

(c) Find the root mean square value of the current given 

by J = 140 sin 628/. 

6. (< a ) Show that the root mean square value of the 

O 

voltage V = 5 sin 3/ volts is F R , M . S . = — t=- 

(b) If the instantaneous voltage at time / in a Circuit is 
V — 5 sin 3t, and the instantaneous current is I = 4 cos 3t, 
show that the mean value of the power during a period of 3 

seconds is 0-55 watt. 
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SUSAN VALUES 




7. An electric current fluctuates in such a way that its 
value t after $ secs. is given by the equation 

i = 100 sin 600$. 

Sketch the curve showing the Variation of i during the 
•g^th part of a second. Calculate the area under this 
portion of the curve, and hence determine the average 

value of the current during this time. 

8. If q—p sin 0 cos 2 0, what value of 0 makes q a 
maximum? Find the mean value of q as 0 increases from 
0 tO 7t. 

9. Determine the root mean square value and the mean 
value of the current I given by / = J 0 sin («$ -f- 0), and 
state the ratio of these two values. 

10. (a) Show that for a half period of y — a sin nt the 
ratio of the mean value to the maximum value is 0-637. 

(b) Find the root mean square value of 

A sin pt + B sin qt. 

11. The instantaneous values of voltage and current in 
an altemating-current circuit are given by e — E m sin tat 
and i = I m sin (<o/ — <f>) respectively, where E m , I m , o and 
<f> are constants, and t denotes the time. Show that the 
mean value of the product ei over the ränge t = 0 to 


t — - is equal to \E m I m cos <f>. 

O) 

12. Find the mean value and the root mean square value 
of the function y = 3 sin 4x from x = 0 to x = 






CHAPTER XIX 


THEOREMS OF GULDINUS OR PAPPUS 

Example 1. A circle rotates about a tangent ; find the 
superficial area and volume generated. 

(See Vol. III, p. 245, ‘ Theorems of Pappus or Guldinus ’) 

Superficial area = length of arc X path of centre of 

gravi ty 

= 2-r x 2-zr 


Volume generated = area X path of centre of gravity 

= Ttr 2 X 2 T:r 


2*V 3 . 


Example 2. An iron ring is in the form of the solid 
generated by the rotation of an ellipse ivhose semi-axes are 3 
and 2 ins. about an axis in its plane parallel to its major axis 
and distant 8 ins. from it ; find the weight of the ring if a 
cu. in. of iron zveighs 0*28 lb. 

Area of an ellipse = n x a X b, a and b being its semi- 

axes. 

area of this elliptic section = 7 t x 3 X 2 sq. ins. 

Distance travelled by its centre of gravity during one 
rotation = 2 x^x 8 ins. 

volume traced out 

= 7 rx 3 x 2 x 2 x ä X 8 cu. ins. 

weight of ring = 7 tx 3 x 2 x 2 xitx 8 x 0*28 lb. 

= 265*4 lb. 
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F-rampk» 3. A groove of widtk 4 
$ecUo» is turned in a metal rod of 
the volume of metal remoued. 

0 is at the centre of the rod. 

Let G be the centre of gravity of the 
The distance of G from the 







semi-circular section 


edge of the rod 


Then 


4r 


8 


5 


3ä 3« 
8 


ms 


3it 


J ins. 


re- 


The area of the semi-cir 
section = \itr 2 = ^tc x 4 

— 2tc sq. ins. 
volume of metal 
moved =*= area x length of path 
of G. 

S 

37t 

327t\ 

cu. ms. 


2tt X 2rt X (5 


20 * 2 



EXERCISE XIX 

1. Find the area under the curve y 2 = 4x between x — 0 
and x = 4 and, using the theorem of Pappus, calculate the 
distance of the centroid of the area from the #-axis. 

E.M.E.U. 

2. Find by the application of the theorem of Pappus the 
Position of the centroid of a semi-circular area. 

3. Obtain the positive area enclosed by the curve 
y = x{2 — x) and the axis of x. If this area revolves once 
round the *-axis, find the volume generated, and hence, 
by means of Pappus’ (or Guldinus’) theorem determine the 
Ordinate of the centroid of the area. 

4. Find the volume of the ring generated by rotating the 
semicirde shown about the axis YY\ 
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Y 



5. (a) Find the position of the centroid of (i) the arc, 
(ii) the area of a quadrant of a circle. 

(b) Using result (ii) above and Pappus’ theorem, find the 
volume of the solid of revolution of a quadrant of a circle 
about an axis through the centre of the circle parallel to 
the chord joining the ends of the arc. 

6. Find the volume generated by revolving the half 
ellipse x — 2 V1 — y 2 about the y-axis. Apply Pappus' 
theorem to find the centroid of the area of the half ellipse. 

7. Find by means of the theorem of Pappus the position 
of the centroid of a trapezium in which the two parallel 
sides are 3 ft. and 1 ft. respectively, and the perpendicular 

distance between them is 4 ft. 

8. The section of a ring is as shown. Find the volume of the 
ring which is formed by rotating the area about the axis XX. 



X 


X 








10. (a) Sketch the curve 








for values of x between 0 and 5. 



(6) By using the theorem of Guldinus find the distance 
of the centre of gravity of the area nnder the above curve 
from the %-axis. 



dx\x 4-1 


x + 1)*J* 
E.M.E.U. 


11. A ring is generated by the revolution of a quadrant 
of a circle about an axis in the same plane. The radius of 
the quadrant is 3 ins.; one of its bounding radii is horizontal 
and the other one is parallel to, and 7 ins. from, the axis. 
The resulting ring will have a cylindrical hole 14 ins. in 
diameter through it. Find the volume of the ring. 

12. Find the volume generated by the rotation of the 

shaded area about the axis XX. (rc — ~). 
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Id. Sketch an plain paper the curves y = x z and 
v s - v“ for the ränge x — — 3 to x = 3 and find the 
area enclosed between them. By Pappus’ theorem find 
the volume generated when this area is rotated about the 



a xis. 


14. (a) Prove the formula for finding the volume of a 


U»re <>r anclior ring. 

(/<) l'roni a cylinder 4 ins. 
awav so that a semi-circular 


in diameter a portion is turned 
groove is formed i in. in radius. 

o *■ 


11 o\v much material is removed? 




SIMPSON’S RULE 

Example I . Equidistant ordinates of a curve eure 4*2, 4*55, 
4*0, 5*17, 4*8 ins.; estimate the area between the extreme 
ordinates which eure 3 ins. apart. 

(See Vol. III, p. 228, Simpson's rule.) 

Let a s=r first Ordinate = 4*2 
l = last Ordinate = 4*8 
o = sum of odd ordinates = 4*9 
e = sum of even ordinates = 4*55 -1- 5*17 *» 9*72 
d == distance between ordinates = f . 

Then by Simpson’s rule: (Vol. II, p. 68.) 

Area = \d[a + / + 2xo + 4Xtf] 

= i X f[4*2 + 4*8 -f 9*8 4* 38*88] 

= 14*42 sq. ins. 


Example 2. Find the area of a curve in which successive 
ordinates at intervals of 0*2 in. are 3*5, 3*2, 2*8, 2*9, 3*3, 3*6, 
4 ins. 

a = 3*5, l = 4, o = 2*8 4- 3*3 =* 6*1, e =» 3*2 4* 2*9 + 
3*6 = 9 * 7 , d = 0 - 2 . 

/. area = |x 0*2[3*5 4- 4 4* 12*2 4- 38*8] 

= ix 0*2[58*5] 

= 3*9 sq. ins. 


EXERCISE XX 


1. Use Simpson’s rule to evaluate 
find its mean value over this ränge. 
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2. Calculate the lengths of the ordinates of 

y — (4 ■— x)(x -j- 1) at x = 0, i ... 3. 

Hence find the area under the graph from x = 0 to x — 3 
by Simpson’s rule and check your result by Integration. 

E.M.E.U. 

3. The speed of a train is reduced from 60 m.p.h. to 20 
m.p.h. in a distance of 6600 ft. The speed v m.p.h. at 
distances * ft. from the point of application of the brakes 
is given by the following table: 


X ft. 

v m.p.h. 

0 

60 

' 

550 

59-7 

1100 

59 

1650 

57-5 

2200 

56-2 

2750 

51*4 

" " - ‘ .. . 

3300 

45-5 

x ft. 
v m.p.h. 

3850 

39-2 

4400 

33 

4950 

27-7 

5500 

23-5 

6050 

21 

6600 

20 



The time t minutes to travel the distance 6600 ft. is 


given by 


t 


X /-6600 d x 

88 J T 


I 1 


Calculate t by using Simpson’s rule. U.E.I. 

4. An area has the following widths taken on parallel 

lines 2 ft. apart: 16 ft., 15-5 ft., 14*75 ft., 13*9 ft., 13*1 ft., 
12*1 ft., and 10*8 ft. 

Find by Simpson’s rule the area and the position of the 

centroid from the 16 ft. width. 

5. When a ship has a draught of h ft. the area of the 

horizontal section in the plane of the water level is A sq. ft. 


following 


h 

A 


10 

11 

12 

13 

14 

10,100 

11,200 

13,100 

14,800 

15,300 


When the draught changes from h = 10 to h — 14, what 
is the increase in displacement ? 



\ 




CHAPTER XXI 


WORK DONE BY A 




is 






f£g»mpU» I. A quantity of air expands according 

lawpv 1 '* — constant. 
when the volunte is 3 cu. ft. Find the work dotie when 

expands to a volunte of 7 cu. ft. 

Let pv 1,4 = C. 

When p = 250, v = 3. 

Work done during expansion 

f v “ 7 _ Z’ 7 c . 

= pdv^l-^dv 

J v — 3 "'S 





C = 260 X 3 1 * 4 . 


250 X 3 1 ** 
250 x 3 1,4 





— 0*4 -v7 


t «—I»*« 




s 


1 


0-4 


7® 


77,625 ft.-lb. 


Example 2 


constant. 


When its volunte is 2 cu.ft., the pressure is 350 Ib. wt. per sq.ft. 
Find the work done as the gas expands to a volunte of 5 cu. ft 
Let pv = C, then C = 350 X 2 = 700. 

pv = 700. p = 100 


Work done during expansion 


v 


I pdv 



2 


700 

v 


dv 


= 700 r 5 iv = 700 [log 
= 700[Iog 5 - log 2] 

= 700 log? = 700 log, 2-5 = 92,363 ft.-lb. 
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EXERCISE XXI 

1. A quantity of steam expands according to the law 
pv 1,13 = C. If p — 8000 lb. per sq. ft. when v — 1 cu. ft., 
find the work done in expanding from v = 3 to v = 10. 

2. Obtain j pdv in terms of p, C and n only and in terms 

of v, C and n only when pv n = C, where C and n are 
constants. 

3. A quantity of gas expands according to the law 
p v i.b — Determine the value of K when p = 200 
lb. per sq. ft. and v = 4 cu. ft. Find also the work done 
as the gas expands from 4 cu. ft. to 9 cu. ft. 

4. If the pressure p lb. per sq. ft. in an engine changes 
with the volume V cu. ft. according to the law 

144 “ \ 5 + v I 

/*• 

find the work done, by evaluating W = / pdV, where 

J V 

V 1 = l cu. ft. and V 2 = 3 cu. ft. E.M.E.U. 

5. A gas is expanding in such a way that the pressure 
volume relationship is pv 1 -* = 8000. Obtain an expression 
for the work done when the gas expands from conditions 
Pi v i to conditions P 2 v 2 . Evaluate the work done when 
v 1 = 2, and v 2 = 6. 

6. ( a) In the isothermal expansion of a gas, its pressure 
p lb. per sq. ft. and its volume v cu. ft. are related by the 
equation pv == 380. If the volume increases at 0*15 cu. ft. 
per sec. when the volume is 5 cu. ft., find the rate at which 

the pressure decreases. 

(b) In adiabatic changes of volume of a gas, pressure 
and volume are related by an equation of the form 
p v y = constant (y > 1). If pdv represents the work done 
when the volume undergoes a small change dv at pressure p, 
find an expression, involving p and v to the first degree 



WORK DOKS BY 







work 








from p t to p t . /-'> 

7. A volume V x cu. ft. of gas at pressure p t lb. per sq. ft. 
yir p aT | H& to pressure p^ and volume V t according tö Ihe 
law pV H ~ constant. Show by Integration that the work 

done during expansion is 

The mixture in a gas engine cylinder expands from 
V x — i to V t —2 cu. ft., and the initial pressure p x is 
240 ib. per sq. in. Find the final pressure p t and calculate 
the work done during the expansion if n — 1*35. 

8. A gas expands in such a way that the pressure volume 
relationship is pv lm * = 5000. Obtain an expression for the 
work done between the volumes 1 cu. ft. and 5 cu. ft. 




9. A gas expands according to the law pv 1 ’* = 200 from 
a volume v — \ to v = 1. 

Find the work done during the expansion, given that 
work done = f p . dv. 


E.M.E.U. 












CHAPTER XXII 

GRAPHS 


One of the most important uses of graphs is in the solution 
of equations, particularly those in which, say, algebraic 
and transcendental quantities are mixed. 

Example 1. Solve the equation x + sin x = 1. 

Change the equation to sin x — 1 — x. 

Now plot the curves y — sin x and y = 1 — x. 


x in radians * 

0 

0-1745 | 

0-3491 

0-5236 

0-7845 

1-0472 

x in degrees . 

0 

10° 

20° 

30° 

45° 

60° 1 

y — sin x . 

0 

0-1736 

0-3420 

0-5 

0-7071 

0-866 

y = l — x . 

1 

0-8255 

_- ■ ■■ ■ 

0-6509 

0-4763 

0-2155 

—0-0472 



Fig. 38. 


The two curves cross at x — 0*5. 

• x = 0*5 is a solution to x -J- sin x = 1. 
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Checking : 

0-5 radians = 28° 40'. sin 28° 40' = 0*48. 

.*. x + sin x — 0*5 -f* 0*48 = 0*98 = 1 nearly. 

Example 2. Solve the equation e? cos x = 1 . 
Rearrange the equation in the form cos x — e~ x . 
Now plot y = cos x and y = e~ x . 


% in radians 
x in degrecs. 

y • cos x . 

y «s g ■*■** 


0 

0-3 

0*5 

0*7 

1 

1*3 

3*5 

0 

it q ir 

28° 39' 

40° fl' 

57" 18 

74° 29' 

85° 57' 

1 

0-9554 , 

0*8776 

0*7649 

0-5402 

0-2675 

0*0706 

1 

0*7408 

0*6065 

0-49C6 ; 

0-3679 

0-2725 

0*22 



Fig. 39. 


The curves cut at x — 0 and x — 1*3. 
x = 0 or 1*3. 

Checking : 

x = 0. cos 0° = 1 . e~° = 1 . 

x = 1*3. cos 1*3 radians = cos 74° 29' = 0*2672. 
e~ l ' z — 0*2725 . 

To obtain a more accurate result it would be necessary 
to draw the portions of the curves between x = 1*25 and 
x = 1*5 on a much larger scale. 
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Example 3. Solve graphically the equation 2 sin 20 = 3 cos 0 
We draw the curves y = 2 sin 20 and y = 3 cos 0. 


e 

sin 28 

2 sin 20 
cos 6 . 

3 cos 0 


0° 

0 

0 


30° 

0-866 

1- 732 
0-866 

2- 598 


45° 

1 

2 

0-7071 

2-1213 


60° 

0-866 

1-732 

0-5 

1-5 


90° 

0 

0 

0 

0 


yy ; ■ 

i "- 1 

i ■ ■ ■ .-* B .. 

■ ■ s* , 






r 1 -. -■ ' v. 


ö, ■ 'v - vt-- *Äy.'-'A 


J.v 


10 ° 20 


30 


The curves cut at 0 
v 0 = 48° or 90°. 


Checking 

0 = 90. 

0 = 48°. 


2 sin 180 
3 cos 48 
2 sin 96 


3 X 0*6691 
2 x 0*9945 


40° 50° 

60° 

Fig. 40. 


• 48° and 0 = 

= 90. 

0. 3 cos 90 

= 0. 


70 ° 80 ° 90 


2*0073. 

1*9890. 


If greater accuracy is required those portions of the curves 
between 0 = 45° and 0 = 50° should be drawn on a larger 

fl.1 ft. 
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Example 4. 



100 log x + x* — 530 * 0. 


Draw the curves y = 100 log x and y ** 530 — x 




X 

lOR* 

100 logx 
530 - 


X* 




Jl 


6 

10 

15 

20 

25 

mmmum " a m. 

M 

• 


1 

1-1761 

1-301 

1-3979 

1*47 n 

41 

* 

€9-9 


117*61 

130*1 

139-79 ] 

147*71 

4 


25 


225 1 

400 1 

625 


4 

• 

508 

430 

305 

130 

—95 

-370 


400 


v i 




W.- . € 


. ■■■ A. 








■1+ ■■■+ ■; 


200 
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The curves cross at the point x = 20. 

x — 20 is the solution to the equation 

100 log x x 2 — 530 — 0. 


1. Sketch the curve y 


EXERCISE XXII (a) 
_ö(*-2)* , 


and the liney = x -f 4 


on the same axes from x — 1 to x — 5. U.E.I. 

2. Draw the graph of the expression (x — l)(x — 2)(* — 3) 
for values of x from 1 to 3, and write down the abscissae of 
the points where the straight line y -f- 0-4(* — 2) = 0 cuts 
the curve. Find the equation which has these values for roots. 

3. Graph the expression y — x 2 — 4# -f- 6- Find 

graphically the slopes of the curve at the points x — 3 and 
x = — 1, and compare your results with those obtained 
by the calculus. Determine the minimum value of y and 
the value of x at which it occurs, from the graph and by 
calculus. E.M.E.U. 

4. Plot each of the functions 


„ d [<ü^ + ,] 

for values of x from x = Q to x = -f- 4 showing accurately 
the tuming points of each graph and using the same scales 
and reference axes for both graphs. By means of the 
graphs find within limits ±0-05 the roots of the equation 
x 2 {x — 4) + 2-5* 2 — 10* 4- 15 = 0. 

5. A sheet of metal 3 ft. long and 2 ft. wide is made into 
a rectangular box by cutting a square of side x ft. from 
each corner and then bending up the sides. 

If V cu. ft. is the volume of the box, prove that 

V = 2*(1 — x){3 — 2x). 

Plot a graph to show the relation between V and x for 
values of x from 0*2 to 0*6, taking points at intervals 0*1. 
Use your graph to determine the three dimensions of the 
box when its volume is greatest. 



GRAPHS 

r ■ • * : x. 

6. Plot the curve y = log 10 x betwecn % =* 1 and * »10. 
Obtain graphicaUy the integral of this curve, and from 
your integral curve read the ratio 

I l°g 10 xdx 4* j iog 1# xdx. 

7. Using the same scale and axes, plot the graphs of 
y as 250 log 10 x and y = 635 — x* for values of x from 0 to 
20. Read from the graphs the root of the equation: 
250 log 10 x + x* — 635 = 0. 

8. The ratio r of the temperature at the end of the 

explosion to that at the suction for an early gas-engine 
cycle of given efficiency is a root of the equation 
9 log 10 r =2 ( r — 1). Plot on the same axes from r — 1 to 
r — 5 the graphs of the functions 9 log 10 r and 2(r — 1) 
and show that a root of the equation lies between 3*3 and 
3*4. Find this root correct to three decimal places 
by further approximation. U.E.I. 


EXERCISE XXII (6) 

1. Find graphicaUy the values of 0 between 0° and 180° 
to make 5 sin 0—12 cos 0 = 6’5. 

2. Find graphically the values of 0 between 180° and 
360° to satisfy cos 20 + 2 sin 0 = — 2. 

3. Find graphicaUy the solution of the equation 
tan x — 2 — x t (where x is measured in radians) between 
0 and 

3x 

4. Solve the equation sin x — ^ (where x is in radians) 


by drawing the graphs of y = sin x and y 


3x 

5tc 


for values 


of x from 0 to r. Take 6 ins. on the x-axis to represent n 
and 5 ins. on the y-axis to represent 1. Give the root as a 
simple fraction of n. 
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6. Plot graphs of the functions 3 sin 26 and 4 cos 20 
between 0 = 0 and 0 = 270°. 

Hence draw the resultant graph of the function 
3 sin 20 -f- 4 cos 20, and from your graph read off the values 
of A and ß when the resultant function is expressed in the 
form A sin (20 4- ß). 

6. Find graphically the values of x between 0 and 
3*1416 which satisfy the equation e x sin x — 1. (Note 
that in the expression sin x the angle x is measured in 
radians.) 

7. Draw the graph of y — e~ 0m2x sin2x showing two 

complete waves. E.M.E.U. 

8. If y = 9 cos 0 — 14 sin 0, express y in the form 
R cos (0 + a), giving the values of R and a. Plot the 
graph of y for values of 0 from 0° to 360°. Solve the 
equations: (i) 9 cos 0 — 14 sin 0 = 0, and 

(ii) 9 cos 0 — 14 sin 0 = — 15, giving the roots that lie 
between 0° and 360°, and indicate the roots on your 
graph. State the values of 0 for which y is a maximum 
and a minimum. 

9. Plot the function y = 3 sin 0 — 2 cos 0 between the 
limits 6 = 0 and 0 = 2. From your curve determine: 
(i) the values of 0 when the function equals 0*8; (ii) the 
maximum ränge of the values of the function. 

Express the function in the form y = A sin (0 — <f>), and 
check the answers to (i) and (ii) from a consideration of 

this expression. 

10. Measuring x in radians draw the graph of the 
function sin (x -j- for values of x from 0 to 2 tt. 

Use your graph to find, as accurately as you can, the 
Solutions of the equation n sin (x + = tz — x which lie 

between 0 and 27t. 




11. Draw tt» graph of y «Scos 
ose ft to find the values of x which 



tuKi 3 cos 2x -j* ^ sin 2*5. Show thät the 

a = 3 cos 2% -f 4 sin 2* has real roots only if the 




a is between — 5 and + 5* 


12. Draw the graph of the curve y == 3 an x 4- sin 3* 
between the iimits of x = 0 and x =* «. 


8 

the ränge * = 0 to % = tc. Hence find the Solutions of 
the equation e* sin -f — 1-2 which lie in that ränge. 
Sketch the curve. 


13. Plot the curves y =* sin (x 4- 














CHAPTER XXIII 


SIMPLE HARMONIC MOTION 


Example 1. A point moves in a straight line so that its 
distance 5 from the origin at time t is given by the equation 
S — 10 -f- 8 sin 2t 6 cos 2t ; prove that its acceleration 
varies as its distance from a fixed point in the line of motion, 
that its motion is oscillatory, and that the origin is at one 
extremity of the path . (See Vol. III, p. 204, “ Simple 
Harmonie Motion.”) 

S — 10 4- 8 sin 2^ + 6 cos 2t 
Velocity = ^ = 16 cos 2t — 12 sin 2t 


Acceleration 


d 2 S 
dt 2 


32 sin 2t 


24 cos 2t 


4(5 


10 ). 


c . d 2 S 
(l) Smce -^2 


4(S 


10), the acceleration is seen to 


vary as the distance of the moving point from the point 
(5 _ xo) and is directed towards that point. 

(n) Smce -jt — 


16 cos 2t — 12 sin 2t we see that the 


motion is oscillatory. 

(iii) The velocity of the point = 0 when 

16 cos 2t — 12 sin 2t — 0, i.e. when tan 2t = H = t' 

If tan 2t = |, sin 2t = ± | and cos 2t = ± f • 

(a) If sin 2t = + f, and cos 2t = + f, 

S = 10 + 8 . |H- 6 . | = 20. 

the velocity = 0 when S = 20. 
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the vckcity»0 when S * 0, Le. at thß 

“ _* _ ' L - ■ , \ ■ -i- ' ■ ^ ' ; V ^ ^ 

ongm. 

V* O CL * O V * Ö 

A B C 

5-0 s-io S* 20 

, ' * v 

Fig. 42. 

Thus the point oscillates between A and C. 


EXERCISE XXIII 


1. In a simple harmonic motion the displacement is 
represented by the equation x — a cos 2 jc nt. Explain the 
meaning of each term in the equation. Obtain expressions 
for the velocity v and the acceleration / at any time t secs., 
and also express v and / in terms of x. State the maximum 
values of v and /, and find an expression for the periodic 
time in terms of the displacement and acceleration. 

2. If the displacement x of a moving point at any time t 
is given by an equation of the form 

x — a cos td -f- b sin <d, 

show that the motion of the point is simple harmonic 
motion. If a — 3, b = 4, w = 2, determine the period 
and the amplitude of the motion. Find also the maximum 
velocity and the maximum acceleration of the moving 
point. 

3. The motion of a body is given by the equation 



= 0, where x is the displacement in feet from a 


fixed point at time t secs. Find expressions for (i) the 
velocity corresponding to any displacement, (ii) the dis- 
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placement at any time, (iii) the velocity at any time, having 

dx 


given that x = 5, and 


dt 


0, when t == 0. State the 


characteristic features of the motion. 

4. Define simple harmonic motion. Show that if a 

particle oscillates so that its distance * from a fixed point 
at time t is given by x — a sin {<at + a) it is undergoing 
simple harmonic motion. What conditions of the oscilla- 
tion are determined by the values given to the constants 

a, ca, a ? 



ANSWERS 

EXERCISE I 

TRANSFORMATION OF FORMULÄ 


Page II 


1. k 


V 


■v/{2&Ae 2 — »*} + v 


L-ai 
2. a . e , 


3. {«) K 


2G(rt -j- I) 


(6) c 


Z(n 
ad 8 

Q 


2 ) 


, E - 


26' in -f 1) 




n 


Vd. 


4. s = |V(2 p -f) 


2 


f*. 


5. Ä 


4ttC( 


A — 4nCd -f- 4 t rCf 


6. A 


rr, 


r 


£ y 


-,[(£) 


-i 


l • 


7. a 4 


Po 

1 — <z 2 a 5 + a t a 2 


a t a i a h — a i a i a o 


8. e 


a 2 — x 


2 ‘ 


9. P„ 


CV*rJ 


r*Q(V . - F a ) 




Pi + P* 
2 


10. (i) l = Kd . 


iM 


1 


P 


SA 


): (■>) 


/ 


«d AE 


6 



P 


11. b = \' ac . e 


A f ^ _ j\ 

2k. \ H ) 


12. p 


Sr 2 - S(< + r) 
2(/ + r) 2 


2 


1 


/11750P*\° ,2n 


, 3 . } 
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14. d 



rrcBD 2 


15. C 


iiTT<? 


7 zBD 

n ' 7 - 


2Pj a 


^T 0 


Ho 


T? 


0 ' 


16. p 


pC 2 r* 

Q* 


Q 


cü 


A # * 

- 1QQ 2 oj - 

- 2C 2 n 2 d*u> 0 h<> 


18. 

0 

v = — Vm 2 — m 0 2 . 

m 

19. hin — 

a 2 — kmn — ö 2 . 

20. 

Kx 2 -f- #(r — .KT?) 

— KRr = 0, x = - 

- 50(5 ± V265) 

= 564 or — 1064. 

21. 

5x + 3 

* - i' 



Page 14 

EXERCISE II 




LOGARITHMS 


1. 

47 -2. 

2. — 64-65. 

3. 1-3389. 

4. 

0-1279. 

5. 0 05913. 

6. 0-118. 

7. 

0-03071. 

8. (i) 36-41; (ii) 

2674. 

9. 

1483. 

(iii) 312-1; (iv) 

0-1168. 

10. 

412. 

11. 0-3709. 

12. 0-1279. 

13. 

{a) 4-581; {b) p = 

= 1-596, n = 5-258. 


14. 

0-3332. 

15. 245-8. 

16. 0-02506. 

17. 

3-824. 

18. r = 0-25. 

19. 1-336 

20. 

957. 

21. 4-656. 

22. 1-564 X IO' 6 . 

23. 

0-4501. 

24. 50-31. 

25. 97-43. 

26. 

18-4. 

27. 1-48 X 10 8 . 



Page 20 EXERCISE III (a) 

1. * = — 11 or —3, y = 6 or 2. 

2. * = 3-516, or 20-484. y = Hi 8-484. 



■;;' ;v. ■: '■ 4M ■' ■' ■ - « , Sa ‘::: :: , ■':W 

"%’$ f» j «■ #, f » or ■ ■- : :, : T; 

4. * «■ S or 0*. y ®* * or — 2f. 

5. f-Sof ^y »Ior 8. 

4. jr «* — 3 or 7, y ■■ — 7 or 8. 

7. * - - 2, 3|, e, - 10*; y - - 10*. 6, $|, - 

8. x ** ß, 2; y * 2, 5. 

9. * « 12, 11; y * 11, 12. 

18, x sä» *, 1; y aas 2f, 2. 

11. 4? i 8, i 1! y “ ± 3. ± 8. 

12. x mm 9, — 2, 2, — 9; y = 2, — 9, 9, — 2. 

13. x tm 0*934, 0*067; y = 14*93, 1*08. 

14. jt ^ or Y or imaginary; y = ^ °r ^ or imaginary. 

15. x — ± 4*9, ±2; y = ± 1-225, ± 3. 

16. r t «s 2* or 10, r t = 10 or 2*. 

17. * ** 7 or 1*, y = — 4f or — 3. 

18. * » 3 or — 2, y = 4 or — 6. 

19. ^ • i 2, y ** i 4. 

V 

20. * «■ 1 or 4, y = 4 or 1. 



21. x ® J; 2, y 53 i 1. 


22. ö 


25. x 


276*8 
316 


, 6 


624*8 


316 


p e 


23. jt *= 8, y 


24. ^ 



. y 


1, z = 5. 

. 1 .5. # 

- 2 8 » ^ 


*• 


5, y = 0, z = 2. 


26. * = ± 1, y = i — rb 
i7. m, = 7 ~ s x 211 + 24 °. M 


5 


Mm 


27 

2760 — 7*5 x 253 

54 


931*2 

316 


7*5 X 253 - 480 

27 


28. x = 9, y = — 2, e = 4. 
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Page 21 EXERCISE III (b) 


2. x = 1*819, 0*341. 

4. x — — 1. 


1. 

X — 

= 11, 4. 

3. 

X “ 

= 2, 3*38, 5*62, 7. 

5. 

# - 

= - 1, 3. 1 dt ' 

7. 

# = 

= — 27*25, 21*48. 

9. 

X - 

= 1*588, — 0*822. 

11. 

P = 

= 3|. 

4-4 

13. 

AT = 

= li, — 1. 

15. 

U - 

= — 0*102, 0*559. 

17. 

= 

= — 3*756, 0-6323 

19. 

x = 

= ± 1, ± 2. 


6. x = 5. 

8. x = ± 2, ± 1. 

10 . t = 0, — f. 

12. t = 0*926, — 0*144. 

14. .r = 0, — 1, — 8. 

16. y = 0*813, 0*0152. 

18. x = — 1, ff. 

20. # = — 5750, — 260, 916. 


Page 22 EXERCISE III (c) 


1. 

X - 

= 29-14. 

2. 

.r = 

1*772. 

3. 

X = 

= 1-475. 

4. 

X = 

9 

’3 2 • 

5. 

X = 

= — 3-316, y = 

= 0-0005256. 



6. 


= 0 or — 3. 

7. 

X = 

1*294. 

8. 

# = 

= 0, 2-322. 

9. 

;r = 

_ ?- o 

3' • Ä * 

10. 

= 

= 3*82. 

11. 

^ = 

3*788. 

12. 

x = 

= 0, 0*6931. 

13. 

x = 

0, 0-8982. 

14. 

x - 

= 1-159. 

15. 

X = 

0, 2^. 

16. 

X = 

= 4-42. 

17. 

X = 

± 0-8179. 

18. 

X = 

= 0-7927. 

19. 

X = 

1-292. 

20. 

X = 

II 

> 

u 

— 0-4142 or 2-4142. 


21. 

x = 

= ± 1-9. 

22. 

# = 

0-3188. 

23. 

# = 

= 3-66. 

24. 

X = 

0-7782. 

25. 

x = 

= 4- 3-03. 

26. 


— 3*588. 

27. 

# = 

= 21, 6. 








1. f, W*. 300°. 2. 30°, 90*. 

3. 20° 18', 159° 42V 4. 77° 1', 282° Sr. 

5. 00° 2', 114° 68'. 

6. 34° 2', 145* 58', 243° 17', 296° 43'. 

7. 21° 40', 158° 20'. 8. 18° 25', 161® 34'. 



9. (i) 97° 3', 172° 57', 277* 3'. 352° 57'; 

(ii) 60°, 109° 28', 250° 32', 300°. 

10. (i) 30° 13', 73° 47'; (ii) 233° 8', 306° 62'; (iii) 5*. 175°, etc. 

11. 70° 32'. 289° 28'. 12. 0°, 216° 52'. 360°. 


13. 11° 35', 78° 25'. 98° 12'. 171° 48'. 


14. 72° 19', 147° 29'. 252° 19', 327° 29'. 


15. 249° 36'. 

16. 20° 54', 69° 5', 200° 54', 249° 5'. 17. 97|°, 142|°. 


18. 30°, 60°, 93° 20', 176° 40', 273° 20'. 356° 40'. 


19. 21° 46'. 81° 46'. 


20. 11° 32', 23° 35'. 156° 25', 168° 28'. 


21. (a) 68° 55'. 133° 56', 226° 4', 291° 5'; 

(b) 7° 14', 82° 44', 187° 14', 262° 44'. 

22. 55° 58', 153° 17', 206° 43', 304° 2'. 

23. 20 v 5 sin (100/ + y), A = 20 Vö, y = 63° 26', 
t = 0° 44' 40", 1° 3' 8", 2° 0' 47". 3° 27' 48". 


Page 32 EXERCISE IV 

DETERMINATION OF LAWS 

1. a = — 4, 6=1. 2. Correct reading = 70, 

a = 0 0000009, n = 4. 

3. A = 28, k = — 0 00004. 4. a = — b = £, 

5. a — 3-2, b = 0*2, n = 1*7. 6. a = 2, b = 1-2. 


c — 15. 
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7. 

a - 

= 0-003, 


= 0*15. 

8. 

n = 

= 1-4, C 

= 150. 

9. 

a = 

= 1-8, 5 = 

= 

0-14. 

10. 

a - 

= 530, 5 

— 35. 

11. 

U as 

= 0-6, 5 : 


0-04. 

12. 

a = 

- — 0*1, b = 0*05. 

13. 

a = 

= 110, b 

_ 

: 1-2. 

14. 

b = 

= 3, k = 

0-5. 

15. 

n = 

= o-o9, r 0 

= 14. 

16. 

a = 

(I 

CO 

II 

1-5. 

17. 

a = 

= 0, 6 = 

3-25. 

18. 

K = 

= 0-005, 

7? — 1-9. 

19. 

n = 

= 1-38, C 

' * 

J : 

= 330. 

20. 


= 10, n = 

= 2-5. 

21. 

a - 

II 

o 

w 

11 

— 

2-5. 

22. 

a = 

= 48, b — 

= 52. 

23. 

a - 

= 150, b 

— 

: 1-25. 

24. 

/I = 

= 550, n 

= 0-075. 

25. 

n = 

** 

II 

— 

= 18-5. 

26. 

^ = 

= 3 iß = 

= - 81-, C 

M w 

27. 

Ä = 

= 0-042, 

n 

= 0-47. 

28. 

a = 

- 2-86, 6 

= 0-001. 


Paso 44 


EXERCISE V 


BINOMIAL THEOREM 


1. («) 1-0039841; (b) 1-0020101. 2. 3-107. 

3. ( a) 2-080; ( b) 0-196. 


4. 0-351. 


5. 21-6. 


1 


15 


x 


.2 


13.tr 3 \ 
45 / 


8. ( a ) 1 - 

9. 9-99. 

11. (a -f- b) 


\x ; (b) 1 + \x — s-v 2 


A-v 3 , 1-0488. 


10. 0-995065. 


n 


a n 4 - na n ~ 


n(n 


1.2 


i> a n-z b * + «1 


1) (n - 2) 


1.2.3 


(1 — x)- 1 = 1 + x x 2 x 3 , 1-003. 


12 . (b) 1 - 

13. 1 4~ 6a - 


3 5 v 2 


iS v 3 
4 ' l 


515^4 


-f- X~ 4 * 16 

28.v 2 4- S4x 3 + 210a 4 + 392* 5 . 


a n ~ 3 b 3 


14. x 6 


18a 5 \' 4- 135.r 4 r 2 


1-19405. 


f 540a' 3 >' 3 4- 1215r 2 y 4 4- 1458*y 5 

4 - 729v" 





1-4» + 







' .'+% 'ife 1 :: ■*+" 4*:: -T -t' v " *y' 







14. («) 

17. («) I + f* + 

7th term « 

(c) 3*42. 

li. ( 0 ) 81 — 64»* + 
(6) 13-3. 


* 

t 




1 



Fu*v'* -. ■ ■ ■ ■ 


**■■■ ’Tft. 




§ 





19. { 0 ) 1 — x + $** + 4- t]t* 4 


(b) 


20 . 


(c) 1% too small. 


20. (a) 


22. ( 0 ) e 


•Je 


1760, lOth term. 

:h term: (b) 16*2% too 


1 + 1 + -^ + ]l + • • 
, 1 1 , 1 , 

* T f T “7 T7% l rt 1 ä 1 


• 9 


1 


4 2 ' 813 ' 16 4 

««**■*» * 11 111 


+ 


1-649 


(b) 9-732. 
23. (a) 1 + x 


»* x* 

J + J 


(6) 1 — 3a — 2b + 3c, 1-022. 


25. 2-0692 


26. 30-75. 


(a) a* — 3 a 1 + 8a 8 — 6a — 6a _1 + 8a -8 — 3a -7 + er*. 


28. (a) 


1 


15 


32 16 


x* + 


45 
4 


135 405 

+ 


243 


2 » 


2x 


3 


(6) 3 - 
(') (“) 2 


* + rh**- 


4 


X * 

64 


^; ( b) 1 + 3» + 5* 8 -f 7» 8 . 


p 

R 2 

+ (R - 

- *) 

(u) p - 

" Ä* 

- (ä - 

- 0 


2 


2 


32. 3-5% less. 
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Page 50 EXERCISE VI (a) 

TRIGONOMETRY 

1. 2 sin Ikx cos 3kx. 2. £(sin 116 -f- sin 36). 

3. 8 cos 4 6 — 8 cos 2 6 + 1. 

4. 20 V5 sin (100/ + 63° 26'). 

5. 9j(cos 48 — cos 142). 6. —— (+3 -j- 1) = 0*9658. 

7. 0-9845. 8. 0-2588, 0-2588. 

9. 5 sin (6 — 53° 8'). 10. 2 sin 42° cos 4°. 

11 . 13 sin (6 + 22° 37'). 

12. v = I . 500 sin (tot + 36° 52'). 

13. 5 sin (x + 53° 8'). 

14. x = 120 + 9-71 sin (6 + 28° 57'). 

15. \/3VIcos(f>. 

16. 0-96, — Hf. 

17. 2b V3 sin x 2\ cos x = 5 sin (x + 30). 

18. tan 2A — 3f, cos 2B = — tan + &) = — 3 H- 

19. — 10 cos (6 + 36° 52'). 

20. sin 50000^ + ^ sin ^ (1 — 96000/) + \ sin ^ (3 — 104000/). 

4 Z 4: Z 

21. 0-7660, 0-6428, 0-9848, 0-9063. 

22. 0-5, 0-8660, 0-5774. 

Page 53 EXERCISE VI (c) 

1. c = 474-2 ft., Z.A = 40° 52', Z.B = 65° 52', R = 247-7 ft. 

2. AB = 7-76" or 3-71", LB = 63° 11' or 116° 49', 

Z.C = 81° 49' or 28° 11'. 

3. a = 55-46 ins., b = 72-64 ins. 

4. /LA = 26° 22'. 

5. b = 20-38, LA = 44° 7', LC = 23° 53'. 

6. Z+ = 28° 57', LB — 46° 34', LC = 104° 29'. 



ANSWERS 


7. (i) Area «= 23*93 sq. ins. 

(ii) LA «= 69° 47', LB «= 59° 7'. ZC «= 51° 6'. 

8. c = 20*33, Zj4 — 12° 56', LB «= 48° 4', area — 39*33 sq. 

ins. 

9. c = 9*16 ins. 

10. a — 4*04 ins., b = 2'01 ins., LC — 40° 30'. 

11. 80° 39', 99° 21', area = 54*11 sq. ins. 

12. BD = 1*4 ft., AC =1*8 ft., LADC = 90° 10'. 

13. 29*5 ins. 14. 40° 54', 70° 50'. 

15. 171*6 ft. 16. 6*67 ins. 17. 2*77 ins. 

18. 230*9 miles, 192*45 miles, 1*282 hours, 41*59 railes. 

19. 7*7 miles, 6*53 miles. 20. 164*4 yds. 


Page 56 


EXERCISE VII 


MENSUR ATION 


1. 0*2908 sq. ins. 


0 


2. / cosec - . sin (180 — 2i6), 


2 


- l z cot - -f- - / 2 cosec 2 ^ sin (300 
4 2 8 2 v 

4. 0*9334a 2 . 


0 


3. 17*34 sq. ins. 
5. 43*02 cu. ft. 
7. 17440 lbs. 


56). 


9. 2*064 ins., 2*624 sq. ins. 
11. 0*6618 lbs. 


6. 5*808 cu. ins., 1*51 lbs 
8. 113*2 cu. ft. 

10. 1*64 lbs. 


12. 3 ins., 395*9 cu. ins., 282*8 sq. ins. 


13. 37,200 cu. yds. 
15. 536^ sq. ins. 


14. 6896. 

16. 2*083 ins., 2*708 ins. 


17. Slant height = 6*708 ins., circumference of base = 18*85 ins. 


area of tin = 63*23 sq. ins. 


18. 24 lbs. 

20. 17*42 cu. ins 


19. 109*7 cu. ins. 

21. 5*682 eins. 
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Page 62 


EXERCISE VIII (a) 


DIFFERENTIATION 


1. 


/ 2 

6 (p + 


3 


2 . 


15 y/x 


3 


3 


# 


8 


3 


3(1 + 2# a 4- x*) 


(1 


3 # 2 ) 2 


4. 


n 


x 


(*+ *) 


4 y/x 4# 2 

In ”- 1 


5 


5(n + 1) 


x 


<n+ 2> 


+ 


3 # — 2 


V3a 


-2 


4# 


6. 2x — 12at 3 4- 18# 5 — 8# 7 . 


8. ax 2 {a 4- bx) 2 \lbx + 3a]. 

1 — x 2 

10 . 


7. (» 
9. 6#. 


!)(#"- 2 + x - n ) 


2#*(1 + # 8 )? 


11 . 


Qx 


( 6# 2 + 32 )* 


+ 5(5# 8 + 4x)(5x 3 4- 6# 2 + 9) f * 


12 . 


2x 4- 3 , 3(5# 4 4- 6#)(# 5 4- 3# 2 )* 

4- 


13. 


2(# 2 4 - 3 *)* 


1 


2 


(1 4- *) h ■ (1 — *)- 


1 


Va 


14 ‘ a + 12 




a 


72 


x 


-3 


15. 


3 V# 


16» 

42# — 3# 3 

(7 — x 2 )* 


18. 

lSx 2 - 

- 20# 

— 3. 

20. 



1 

Vl 4 - 

# 2 . [Vl 4 - 

21. 

( 6 


6 

\3# - 

1 

2x “f- 

22. 

2 

bx^ 

4 + 

i 

2#* 

24. 

i 

1 

. x n . 



19. 


20 


3 


4*/ L 


23. 


2 


0-8 

0*2 

* >2 

+ 

(5# 

— 1) 2 (25# 4- 1) 

_ 

* 

2.r' 

r(3# 

- 4) 2 (2# 4- ?) 3 1 

L 

(3 — 4#) 5 J 


3 


2(1 4 - 2#)*(1 — #)* 


n 


1 
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EXERCISE VIII (b) 


sm x 


1. Vx COS X + 

3. 12 sin (2 — 3*). 

5. 2 cos 3* cos 2* — 


2 . 


4. 

3 sin 2x sin Zx. 


Zx sin 3* + 2 cos 3* 
5 sin (IQ# -+■ 6). 


7. 


cosec 

W 

1 


2x cosec 2x cot 2x] 


1 + cos x 


8 . 


2 


(cos x 4- sin x) * 


9. 


2 sin x(x cos x — sin x) 


10. 15 sin* 5x cos 5x. 


11. 2 sin (4x + 6). 

13. 2x(x cos 2x + sin 2x). 

14. {2ax + b) . cos ( ax 8 4- bx 4- c). 


_ 1 
12. - cos 

4 


G+3 


15. 

16. 


2bx(l 4- ax 1 ) sin bx* 4- 2a* cos bx*. 

10* -5 sec 8 (3 - 2-üx) — 20#“» tan (3 - 2-5*). 


17. 10 sec I2x 


+ 1 ) 


tan I2 x 


+i) 


18. 


9 cot 8 Zx cosec 8 Zx. 


19. 3 sin (6* 4- 8). 


20. ^ sec 8 %x. 


21 . 


sin 3x (cos Zx) 


ix* 

22. (* 8 4- x) sec 8 l— 4~ 


2 


23. a cos (ax 4 - b) — a sin (ax 4- b) 


24. 


8*(sin 2x — x cos 2x) 

sin 8 2x 


Page 63 EXERCISE VIII (c) 



1 6 „ , 

—^ 3 4- x 4- - + 2x log *. 




3 

37 + 2 



- 4- log (2x 



EXAMPLES IN PRACTICAL MATHEMATICS 








X 


# 2 — 

T 


3 


3 

3# - 

• 2 “ 

3# -j- 2 

# 



1 + ' 

# 2 * 


5*2116# 


(1 + 

# 2 j 


6 




3# — 7 


5. 1 -j- log x. 


7. log jo x — 0*5657. 



2(ax ■}* A) 
ax 2 4- 2 hx + b 



0*8686a# 
ax 2 ”f~ b 



1 — log x 

— T* - 


14 . 


15 


17 


18 


20 . 


8 # 


10 # 


4r 2 — 5 

0 f# 4- 1 — 

3 4- 5# 2 
# log #"] 

V L + l) 2 J 

#® 

(# 2 4-2) 

3 — # 

#4-3 

2# 4- 2 

1 

# 2 4- 2# 

X — j— 1 

2# 4 - 1 

2# - 

# 2 4~ 4- 1 

# 2 — ; 


16 . 


6 — log# 

2#r~ 


-f- 3# 2 log (3 — #) — 2# log 


# 4 ~ 
2 


19 . 


1 


1 


# 


3 2# 4- 1 


1 
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EXERCISE VIII (d) 


1. 2 cot 2#. 


2 . 


1 


sin. # 


3 


e ax (a cos bx 4- b sin bx) 

cos 2 bx 


# 


4 . C^ x ” 1 ” 2 # 


) 4- - 
/ # 


5 



cos # 4" log #^ 4" log x si n x J ~ cos2 x ' 



#(I 4- 2 log #) — # 2 log # 

_ 


7. <?*[« cos (a# 4- A) 4- sin (a# 4* &)] • 
— ^-2^(3 sin Zx -j- 2 cos Zx). 

9* 6^ 3a? [cos (3# + 1) -f~ sin (Zx -f~ !)]• 



ANSWERS 



10 . 3e 


- tef ^ 

Li + * 


3 log (1 + 



11. cot*. 


12 . 


1,. 

— fan 

3 


<m>- 


14. cot* + 1. 


13. — «-“(sin x a cos«). 

1 * 

15. - cot -• 

2 2 


16 


_ '2 

' “3. 


2f2 sin (2* — 3) + 3 cos (2* — 3) 


%Z 


17. 


« 8 (cos * 4- sin *) 

, [ , —, ■■ - * 

2 Vsin * 


18. 30tf~* z [cos (6* — 7) — sin (6* — 7)]. 


19. 


3 sec* 3* — tan 3* 

e x 


20. «*(-cos - -f sin ^ — 2«-“(sin 2* + cos 2*) 
\2 2 2 / 


21 . 


sin 3* — 3 cos 3*) 


sin* 3* 
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EXERCISE VIII (e) 


1 h kx + fe»*. 

3. e* inx . cos x. 

5 . 6 * . e “(* + 1 ) 
7. (log e a)*.a*. 


2 . 




9. 

11 . 


4. 2 Bln * . cos * . log 2 

6 . 20 «“. 

8. 15 cos 3* . « smSj: . 
10. 2x . 


3 + 

6* . a x ( 1 — *•)■ + (1 — **) 3 a x log, a 
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EXERCISE IX 


GRADIENT 


1. (i) 14; (ii) y — 24* + 39 = 0; 
n for v = 1.0 for * = — 1. 


(iii) 0-96; (iv) 1 for * = 0 


„ „ 71 

3. 0 or - 


2. 46° 41' or tan -1 1-0605. 



174 


EXAMPLES IN PRACTICAL MATHEMATICS 


4. y — \x 2 + 2* 2 + 5# — 50. 



1 2 VS 

3’ ~9 


6. Join (3, 4) to (2, 1). 7. Slope of each is 3. 


8 . 92° 8'. 9 . 37° 52', 54° 28'. 

10. 147° 32'. 11. 9y + x — 62 25 = 0. 

12. 2y + * — 5 = 0, 2y — * + 5 = 0. 13. 71° 34'. 


14. + V 4-^ = 


+ 2-082. 


15. —2+6 a — 6a 2 . —2 + 6 {a — b) 
— 2 + 6 [a + b') — 6(ß + b) 2 . 

16. tan- 1 1 = 20° 33'. 


— 6{a — b) 2 . 


17. y — ljfxt — Sx + 14^f, miniraum. 


18. \e\*. tan" 1 \\/e, or 39° 29'. 19 . y — 10* + 13 = 0. 

20. x — 16° 3', or 103° 57'. 21. 87° 37', * = a/7 = 2-64(5 


22. y — 3 m 2 x + 2 am 2 = 0, 3 m 2 y + x — Sam 5 — am = 0. 

23. (2J, 16f). 

24. tan -1 — tan -1 ^ or 18° 26' or 161° 34'. 
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EXERCISE X 


RATES 


1. (81tc)“* = 0-1578 ft. per min. 


2 


V3 

6 


0-2886 ft. per min. 


3 


3 . 


2 tc 


ins. per mm 


4 

4. — ins. per see 


5 . x 


2 . 


6 . 


37T 

30 


71. V ~ 


7. 


dA. 6 


dt 


2 sq. ins. per mm 
r 


8. (i) 0*0005908; (ii) 3-024 ins. per sec. 

9 5 10. 24tc X 10 5 lbs. ft. per min 

> <i t = — 741y' 8,3 
dv 


11 


0-4016. 


12. 25 volts 



13. 2*522r miles, 2-522 m 

dy 

14. y ■* 7t(24^? — x “), ^ 



10-088 miles, 2-522 m.pJbu 


2w{12 — x) sq. ins. per 




12tc sq. ins. per sec 


15. 12-8 ft. per min. 

17. 3-464 ft. per sec. towards 0. 


16 


16 

9tc 


ft. per min. 


Page 77 EXERCISE XI 

VBLOCITY AND ACCELERATION 

1 . V “ U — ft, — /• 

2. (i) v — 40 -f* 64*. f — 64! (ii) 56 ft. 

3. 6j ft., 15 ft. per sec. per sec. 

4. x = t* — 2^/* -f- 41 5. 250 ft. 

6. 9 ft. per sec., 12 ft. per sec. per sec., 2 sec., 4 sec. 

7. (i) 1 sec., 2 9 ecs.; (ii) l£ secs.; (iii) — l£ ft. per sec; 

(iv) — 6 ft. per sec. per sec., 6 ft. per sec. per sec. 

8. (i) 10 ft. per sec.; (ii) 16 ft. per sec. per sec.; (iii) i sec. 

or 1 sec. 


9. — 28 ft. per sec. per sec. 

10. 28 ft. per sec., 26 ft. per sec. per sec. 

11. v — b — 32-2/, / = — 32-2 ft. per sec. per sec., b = initial 

velocity. 

12. v = 10k (1-8 cos 0 - 1-2 sin 0), 3-51 ft. per sec. 

13. — 22-8 ft. per sec., 132-6 ft. per sec. per sec. 

14. v = ~ = 3000As-*‘, / = ^ = - 3000A**-**, k = 

N = 636-3 revs. per min. 

15. (i) 0-1293 k; (ii) v — 30 1 — 6 t*,f = 30 — 12*. 

16. (a) & sec.(&) 16 ins.; (c) 16 k ins. per sec., 

(d) — 64\/3 k 2 ins. per sec. per set. 

17. V = — 6 sin 2t, J?niai. = ®> /max. “ 

18. 10 radians per sec., — 2 radians per sec. per sec. 

19. * = t* -f 2/* + 1. 


20. * = 7 or 12 secs., f — — 


66 ft. per sec. per sec. 


176 
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EXERCISE XII 


MAXIMA AND MINIMA 


1. 4^7, 0. 

3. x = e- 0 - 6 = 0 6065, 0 1622 

4. 16 knots. 

6. Maximum = 45^J, minimt 

7. ( a ) height = 47?; radius of 

2V2 

radius of base = —-—7?. 


2. cos 2 a 


5. 25. 


4544, minimum 


* * 


llf 


47?; radius of base 

2V2_ 


V27? (5) height 


I R, 


R. 


8. 7? 


a>L, P 


max. 


E 2 

2coL 


9. Minimum value = -f- 5(-f)^ = 7*213. 


2 \ S 


10. ;r 


/ te ;/ 2 


2 ’ 8 


11. A 


0*5449. 


12. 4 ins. 


13. -i?- ft. 

4 4- 7T 


4-48 ft. 


14. ( a) x 


io VH 


5*774 ins., y 


10 Vö 


8*16 ins 


15. Width of rectangle = 8*2 ft., length of rectangle = 4*1 ft. 


16. x 


2 . 


17. ( a ) Max. = 2, 0 = 60°, min. 

/ 2 

(5) 0 = 2 radians, area = — 
w 16 


2, 0 = 240 


18. 


V2. 


5*729 ft., width of bottom = 4*74 ft. 


P„. 


19. Depth 


20. rj ma-r — - , 1 2 R 

1 EP 0 + 2 P 0 VRP 0 


21. x — 6f, minimum 


1334. 


22. Depth = 44 ins., width = 9 ins. 


23. t 


25. 83°. 


0 * 001 . 


24. x == 36° 52' 


h 

26. - 

r 


2 7t. 


28. (a) R= 1*5 ohms; ( b ) 1*815 watts. 



» L —_ 
* # 





SO. 


X 


£ 

l 



. 0 





32. (a) x = -; (5) x *» 

36. A =* 3 ft., maximum distance =* 6 ft. 






r: 4P 


i. 


37. (a) 6 = 60°, y 


38. (a) (i) x 
(b) x =» ~ 


3V3 

4 


; (6) (i) x = 1, (ii) x = 2 


2; (ii) x = 0, max 




0*5412, min. = 0. 
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EXERCISE XIII (fl) 


INTEGRATION 


1. 4 log (4x* — 6x + 5) 


2. - A( 8 - «*) # - 


3. log 


(x — 2) 8 
(* + 1)* 


x 


a 


5. fx* + 2 log x — 4*. 

4 3 5 

7. -x 5 + - 

3 x 

8. log (x* + x + 1) — 


4. — — 4x + 5 log (x + 1) 
6. \ log (x* — 2* + 4). 


2 


VZ 


ä tan 


9. 4 log (x* + 2). 


2x -J- 1 

“* . a u pa I l Ifc 

VZ 

2 2x 

10 . _±, tan- 1 


5 


V3 


V3 


11 . 


1 

6* 


x 

9 


1 


27 


log (1 — 3«) 


12. 4 log (3x + 2) + fx* — lOx + 24 log (x + 2). 

(x — 4) 8 


13. 4x — fxl + 4x». 


14. log 


15. 2 v 2x* + 2x — 5 
17. x + log (x + 3). 


16. 


1 


2 - 10 _ 

—=. + 6 Vx + Vx 3 

\x 3 


18. 4(1 + X*)*. 















178 


EXAMPLES IN PRACTICAL MATHEMATICS 


19. 


x 


3 


1 

x 


21. log (3a 2 — 5x + 2). 
23. log [Ix + 1)(a + 6)*J. 


24. 


1 


1 4~ x 


26. 4 log (2 a 2 4- 4=a — 6) 


28. 3a 2 — 6 log a 


30. ^ tan -1 
3 3 


7 


x 


32. 


1 


x 


3 

2 * 


1 

4 X 


34. 


72 


x 


50 „ 
120a + — x 9 

O 


36. 


1 


x 


2 


38. 4 tan -1 3x. 


40. ^ log 


x 


3 


x 


1 


42 


• log (r: 


4 


2 



5 


x 


2 


44. i(3* a — 2x + V) 3 - 


46. 


1 


x 


4 los ^ -(- 3 a 


48. log (3 a 2 4- * — 9). 


20 . 


22 . 


|(4 - 2a)?. 

4(a 3 + *2 + xj-a. 


25. 


V3 — 2a. 


27. log (a — 2) 2 (a + 5) 3 


29. 


(2 — **)i. 


31 


••G 


2 


V x 



33. 2* — |a 8 4* %x*. 
35. ^ - iiÄ! 


15 


3 


37. | log ( x 2 4* 4a 4~ !)• 
39. log [Ix + 3) 2 (a - 1)] 


41. 


■g-(a 2 — a 2 )?. 


43. 4 log (a 2 + 1). 


45. 


f log (4 — 5x). 


47. f(A 2 ~ 3x + 7)5. 
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1. 


x 

2 


1 ^ 

- sin 4a. 

8 


EXERCISE XIII ( b) 


2 . 


e ax (a sin bx — b cos bx) 

a 2 4 - 5 2 


3. cos 



x 


4. sin 3 x. 



ANSWERS 


179 


5. — 005 5* + 1 cos *• 6. $ log sin 6x 

1. — \ cos (64? + 5) 4- l£ sin 24?. 

8. $4? sin 24? 4 - J cos 24? — \x* cos 24?. 

9. cos 34? — f cos 4?, or — cos 4? -j- £ cos* 4?. 


10 . 


1 
2 t 


cos 


(** + 1 ) 


12. — \x cos 44? + £ sin 4 a\ 

14. §4? 4~ i sin 24?. 

16. a sin 4? — \b cos 24?. 

18. \ tan 64 ?. 

19. 34?* sin 4? + 6x cos 4? — 6 sin 4? 


11. £ sin a? — sin 74? 
13. log (1 + sin 2 4 ?). 


15. £ sin* 4?. 
17. 4? — cos 4?. 


20. | tan f24? 4- 

22. £ 4 ? - l sin (44? 4 - 6). 


21 . 


£ log COS 34?. 


23. \x sin 124? 
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1. |c 2x + 3 . 

3. \e ix (2x % - 2x 4 - 1) 


5. 


3 


EXERCISE XIII ( c ) 


«4-1 


*€+l . V. 


7. 4? . 




9. 


\e 


2-3z 


2. 


ix? - 4x 


4 . y* r 4 - $«-•*. 

6. £e 3x 4-1«- 2 *. 
8. 2e Vi . 


ax 


io. 


a 


(ax — 1). 


il. e 

13. - 


_i/>- %x 

%.& — 3z + 4 


15. X log 4? — 4? 


17. 


7t(A' 2 4- 24? 4- 2)e~ x . 


9. 


4?" + 1 log X 


X 


tt ■+■ 1 


(n 4- I) 2 


12 . e 


2e 2 4- ~ke 


iz>3z 


14. 


i/>2z 

2^ 


i/> - 2z 

0 U 


16. 3 - 4 ?* log x 


1 3 
9 X 


X 


18. — log x 
4 


ie *• 


n 4- 1 
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EXERCISE XIII Id) 


2. 4(a 


1 . 3 ^. 

3. f + 2 log«, 2 
5. £ logg 4 = 0*2773. 
7. 


b z ) -1- %(a + b)(b 2 — a 2 ) — «6(6 — a). 


2*8862. 


32# 


9. log c 4 
II. 2xf. 
13. V5 - 


1*3863. 


V 2 = 0*822 


15. 1 + logg 1# = 1*2877. 

18. 2f. 


4. # logg 3 = 0*3662 


6 . 

8 . 

10 . 


8i. 


X 

4 


| logg i = |. 


|[2-°.4 


1-04J = 0*6055 


17. 2. 

20. 34jtj. 

22. 7 log 2 — 2 log 5 = 1*6329. 


12. logg 1*75 = 0*5596. 

14. | logg 1*375 = 0 1062. 
16. i(16V2 — 4) = 3*725. 
19. 4 logg 7f = 0*6590. 


21. # log 5 


0*8047. 


23. 2*96. 


24. 


2 - 1 . 
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EXERCISE XIII (e) 


1 


0*06975. 


2 . 


3tz 

16 


3. 


i 

3' 


4. \/3. 


5. 1 


V2 

2 


0*293 


6 ZZL* + + i 

32 ^ 6 ^3 


2*728. 


7. £.+ 2 
4 


1 


V2 


2*0785. 


8 . 2 


3' 


9. 

1 

- = 1*456. 

10. 


1 

4L* 

11. 

1 

<T 


V5 

\/2 64 






12. 

w 1 
4 + 

1 = 1*2855. 

2 

13. 

2 V 2 - 

24 

- 1 = 0*07617. 

14. 

7 

24* 

15. 1Ä- 

16. 

TC 

2 

- 1 = 

= 0*571. 




A 2 


0. 


20. 

7C 2 

17. 

2. 

18. -* 

19. 


T* 

21. 

TC 2 
¥ ” 

- 1. 22. V3. 

23. 

Ö7C. 


24. 

i 

4* 

25. 

TC 

4* 

26. f - 1 = 

0*571. 







ANSWERS 
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EXERCISE 

XIII (/) 



1. 

2(1*6# - 

■ i*2»; 

1 + 7(* l *‘ 

- •»**) 

— 9*1312. 





i 

1 


„ 5 

10 


2. 

e* — e - 

" 27* 

^ 2e 4 


3.- 

e 

e*' 


4. 

5 ( 1 - 

*y 

5. 

£• 

6* 2a 


b 

2 \e* 

«•/ 


c 

c 

7. 


1). 

8. 

EL 

R*‘ 


9. 

\{e* — 

10. 

6 log, 2. 


11. 

1 log, f 

• 

12. 

1 

4* 

13. 

log, 4. 


14. 

14 log. 

2-3. 

15. 

log, 


16. log, 3. 

Page 112 EXERCISE XIV 


AREAS 


1. 

?vLV 

3 

2. 48 - 20 log 5 

=» 15-8. 

3. 


4 ^ 

Tw* v 

ab 

S. 6§. 

6. 

10|. 

7. 2^a*. 

8. *fa*. 

9. 

■ — 

64* 

10. 2l£. 

11. faö. 

13. 

57 54° 28'. 

37° 52'. 

14. 4|. 

15. 

2a*. 

16. 18. 

17. If 

18. 

8. 

19. 2(e — e) = 

2*14. 20. 6-04. 


3. ffo™* 1 . 
5. 19&tt. 
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EXERCISE XV 


1. 104^71 


6 . 


3 


VOLUMES 


3 


TT (b 


a *) 


_ 


3a 3 6 3 


4. ^[4* - 3\/3] = 4-343. 


7. 


3 na 3 


4 


8. 307t. 
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10 


V3 


nr-K v 

‘ 2 L 12 + 4 


12. 32rc. 

15. 136^j 7t 

18. #7ry 3 . 


a- 


3061. 


13. ir log* 4 = 4-355 
16. 30 tt. 


19. 


11. 32ic. 


14. \-KY*h. 

17. 259^7c. 

20 . 294#tt ca. ins 


Page 127 


EXERCISE XVI ( a) 


CENTROIDS 


1. (1, 2). 

4. (2f, 1|). 


3. - from base along median 
5. 24, 3f. 


6 . 


4#- 

3tc 


from base along perp. radius. 


4 r 


7. (3, 0). 


(i) — 7 =— from centre of arc. 

*\r 27 C 

4 V 2r 

(ii) --from centre on middle radius. 

3 7t 


16\/2 


10 


11 


(i) a = S 
26 + 9tc 
9 ~f“ 3 jt 


^ = 0, y = 

2, 5 = 3, c 


4 

5* 


5; (ii) 2-37, 6-9. 
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2*946 ins. from vertex of triangle. 
EXERCISE XVI (b) 


CENTRE OF GRAVITY 


1. {( 

3. (i 
5. 2 
7. i 
9. 1 

12 . i 


12044 


4ö^§*7c ; (b) ^3 > 0 . 

8 0 


2 . 2 - 4 . 


(i) 8 tt; (ii) 3^, 0 . 

2 |, 0 . 

J of height above base. 
16*42 ins. from 3" end. 
1 3£M-J 

4 ’ e 4 —. 1 


4. 

6 . 

8 . 

10 . 


8*05" from smaller face. 


jL53,-r/TÖ v — 
16 0 to * ^ — 

136^r; 3^. 
1-56, 0 . 


68 


a. 





ANSWERS 

EXERCISE XVII 


MOMENTS OF INERTIA 


2. 2-309 ft. 

4. 44| ins. 4 . 

6. 360-8 ins. 4 . 

9. ^7ci? 4 , \%7zR*. 

11. I MR 3 , 620-9 lb. ins.» 


13. 6-44 ins. 


3. 1408 ins. 4 . 

5. 10f lb. ins.*. 
8. 480 ins. 4 . 

10. 1337 lb. ins. 2 . 


12 



Z>* d % P 

-- 1U" M l « IM «MM* m IMI !■! 

16 16 12 


14. 3667 lb. ins. *. 


15. ( a) £$M{Zr 2 + 2/i 2 ) ; (b) + 4A 2 ). 

16. &Mr*. 


17. 385 lb. ins. 2 


18. (i) 96 lb. ins. 2 ; (ii) 3120 lb. ins. 2 . 

19. lb. 


20. ■g’TT ins. 4 , or j g AT. 


21. ins. 4 , or . -. Al 

8 8 log 4 


22. 120 ins. 4 , or 


12 


losr tz 
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EXERCISE XVIII 


MEAN VALUES 


1 . 


71 

4 


20 

3- (b) 2 V / 2. 

*> 

5. (a) -, ( c ) 98-98. 


2 

2 . — 

7. 

122 

4. (a) ( b) 2V2. 

OTZ 


7. 0-23605, 70-815. 


1 2 1 > 

8. sin- 1 — =r = 35° 16', -i- 

V3 3tt 


10 . ( 6 ) 



2 


+ 


2 


9. '• 


V2n 


12 . 


0-637/ 0 , 

V2 4 

6 3V2 


TT 
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Page 141 EXERCISE XIX 

THEOREMS OF PAPPUS AND GULDINUS 


1. 10f, 1*. 


4lY 

2. — from centre. 

an 


3. A — li 
5. (a) (i) * 




4. 2517 cu. ins. 
from centre on middle radius. 




(b) 


2 V 2rcr 3 


3 


16k 8 


3 3k 
1023 cu. ins 


7. lf tt. from 3" side. 

9. (a) 125 V2k cu. ins. ; 
(5) 100 \/ 2k sq. ins. 


10. ( b) —-t, = 1-395. 11. 367 cu. ins. 

2 log e 6 

12. 178f cu. ins. 13. 2l£, 170frc. 

14. ( a) 2K*r*R, ( b) 4-415 cu. ins. 


Page 145 

1. 11-831, 2-958. 
3. 2 minutes. 

5. 51,867 cu. ft. 


EXERCISE XX 

simpson’s rule 

2. 4, 5j, 6, 6^, 6, 5j, 4; 16^. 
4. 165-7 sq. ft.; 5-6 ft. 


Page 148 EXERCISE XXI 

WORK DONE BY GAS 

1. 7735 ft.-lb. 2- - • dv • /^T 

3 . K = 1600; W = 533-|- ft.-lb. 



■ 



4» W — 288(~ 4- Ä 




w / 



4 . 


(6) JF 


per sq. ft. per 
1 


y-1 


{pt v t ~ PiPt)- 


7. 


per 


done et 132 ft.~lb. 



8. W 


6000 / 1 _ 1_\ 
0-4 V l 0 * 4 5° V 


= 6933 ft.-lb. 


9. 164 ft.-lb. 


Page 164 EXERCISE XXII («) 

GRAPHS 

1. Points of intersection, (1, 6), (6, 9). 

2. x = 1-225, 2, 2-78; x* — 6** + 11*4* — = °- 

3. 2, — 0, y = 2, x = 2. 

4 . Turning points, (3, 5f), (2, 1) ; roots, 1-30, 3-80. 

6. x =» 0-39, length = 2*21, width = 1*21. 

6. 0 09, 1*617. 7. 17*934. 8. 3*380. 


Page 166 EXERCISE XXII (6) 


1. 0 *= 

. 97° 23'. 

2. 

0 = 

= 235° 24', 304° 36 . 

3. x = 

= 0*88 radian. 

4. 

x = 

= 0, — radians. 

5. A : 

= 5, ß = 53° 8\ 

6. 

x = 

= 0-59, 3*1 radians. 

8. y * 

= V277 cos (0 + 57° 16'); 

(i 

) 6 

= 32° 44' or 212° 44' 


(ii) ö = 90° 54' or 148° 34'. For maximum or minimum, 


0 = 123° or 303°. 

9. (i) 0 = 0-82radians; (ii) ± 3-6; y = VT3 sin (0 — 33° 41'). 

10. x = 0-47, 2-4, 5-1 radians. 

11. x ~ 66°, 170°, 230°, 356° 

13. x ss 0*46, 2-66 radians. 
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SIMPLE HARMONIC MOTION 



— 2 Ttna sin 2-rtnt; / = — 4t: 2 >i 2 a cos 27m/. 

2imVa 2 — x a ; f = — 4 iz % n a x. 

= — 27wa; / max . = — 47 z 2 n*a. 



2. T = 7t; amplitude = 5. i» max> = 10; / max . = 20. 

3. (i) v = db 4 Va 2 — ,r a ; (ii) x = a cos 4/; 

(iii) i/, = — 20 sin 4/. 


4 
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